Groups of diffeomorphisms and geometric loops of 
manifolds over ultra-normed fields. 
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Abstract 



The article is devoted to the investigation of groups of diffeomorphisms and loops 
of manifolds over ultra-metric fields of zero and positive characteristics. Different types 
of topologies are considered on groups of loops and diffeomorphisms relative to which 
they are generalized Lie groups or topological groups. Among such topologies pairwise 
incomparable are found as well. Topological perfectness of the diffeomorphism group 
relative to certain topologies is studied. There are proved theorems about projective 
limit decompositions of these groups and their compactifications for compact manifolds. 
Moreover, an existence of one-parameter local subgroups of diffeomorphism groups is 
investigated. 

m 

CO 

^ : 1 Introduction, 

o 

Non-archimedean analysis has rather long history, but it is much less developed in comparison 
with the classical analysis over the fields R and C. Therefore, the theory of groups on 
manifolds over non-archimedean fields is not so well investigated as for Riemann or complex 
manifolds [HH QH Q21 E] . 

As it is known fields with multiplicative ultra-norms such as the field of p-adic numbers 
were first introduced by K. Hensel [14]. Several years later on it was proved by A. Ostrowski 
|32| that on the field of rational numbers each multiplicative norm is either the usual norm 
as in R or is equivalent to a non archimedean norm \x\ = p~ k , where x = np k /m G Q, 
n, m, k G Z, p > 2 is a prime number, n and m and p are mutually pairwise prime numbers. 
Each locally compact infinite field with a non trivial non archimedean valuation is either a 
finite algebraic extension of the field of p-adic numbers or is isomorphic to the field F p k(9) of 
power series of the variable 9 with expansion coefficients in the finite field F p k ofp k elements, 
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where p > 2 is a prime number, k G N is a natural number [371 Pf2] . The valuation group 
T K := {\x\ :i6K,i/0}c (0, oo) of a locally compact field K is discrete. Non locally 
compact fields are wide spread as well and among them there are fields with the valuation 
group Tk = (0, oo) [3 [371 [39]. The non-archimedean analog of the field of complex numbers 
is C p which is complete algebraically and as the uniform space relative to its multiplicative 
norm and r Cp = {x G Q : x > 0}. 

The importance of transformation groups of manifolds in the non- Archimedean func- 
tional analysis, representation theory and mathematical physics is clear and also can be 
found in the references given below [21 EH E21 EH ESI E7J [38]. This article is devoted to 
several aspect of such groups. One of them is on their structure from the point of view 
of the non-archimedean compactficiation (see also about Banaschewski compactification in 
|37|). Though a new topology used for compactification may be different from the initial 
topology of a group or even may be non-comparable, because on the same group it is possi- 
ble an existence of several different topologies making it a topological group. This is useful 
also for studying their representations as restrictions of representations of non-archimedean 
compactifications, which are constructed below such that they also are groups. Apart from 
previous works [211 E21 EHl EH [25], where the characteristic char(K) = was zero, in this 
paper groups on manifolds over fields with non-zero characteristics also are defined and 
investigated. Different types of topologies are considered on groups of loops and diffeomor- 
phisms relative to which they are generalized Lie groups or topological groups. Among such 
topologies pairwise incomparable are found as well. It is caused by the fact that repeated 
application of projective and inductive limits of topological spaces generate topologies and 
spaces in general dependent from an order of taking limits and their types, so that such 
topologies may appear incomparable on a subset contained in these topological spaces. It is 
proved, that relative to the C°° bounded-open topology groups of geometric loops and groups 
of diffeomorphisms of manifolds over ultra-normed fields are the generalized Lie groups. 

Previously one-parameter subgroups over fields of non-zero characteristics were not stud- 
ied. This article contains as well results on one-parameter subgroups over K with char(K) = 
p > 1 using its multiplicative subgroup K* := K\{0}. It is proved below that the diffeomor- 
phism group of a compact manifold is topologically simple relative to the C°° compact-open 
topology, that develops previous results [21], where topological simplicity and perfectness 
was proved over fields of zero characteristic. 

At first in Section 2 we remind basic facts and notations, which are given in detail in 
references [371 ESI EH E21 [23]. A loop group L t (M,N) is defined as a quotient space of a 
family of mappings / : M — > N of class C* of one Banach manifold M into another N over the 
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same local field K such that lim 2 ^ s ($ m f)(z; h x , h m ; &, Cm) = or lim z _» s (T m f){z^) = 
for each < m < t, where M and N are embedded into the corresponding Banach 
spaces X and Y, c/(M) = M U {s}, cl(M) and N are clopen in X and Y respectively, 
G N, ($ m f)(z; h\, h m \ Ci, ••, Cm) an d (T m /)(z[ m ]) are continuous extensions of difference 
quotients by variables corresponding to z or by all appearing inductively variables over a 
non-archimedean field K of zero characteristic or of char{K) = p > respectively, z G M, 
hi, h m are nonzero vectors in X, Ci, Cm G K such that z + Ci^i + ••• + Cm^m G M, 

z [m+l] ._ ( z H jV H^ m+i ^ z \ = ( Z) -y[0] ) ^) 3 z [m]^ v [m] & K [m) ^ K [m+1] = K [m] K M Rj 

[/[i] = U, zH + C m +i^ H G f/ [m] (see also §2.1). 

In Section 2 preliminary investigations on structures of Diff f (M) as the topological 
groups and Lie groups are studied. Non-archimedean completions of clopen subgroups W 
of loop groups G and diffeomorphism groups G are considered in Sections 3 and 7. Com- 
pletions are considered relative to uniformities associated with projective decompositions. 
They produce topologies incomparable with the initial one. Relative to them they remain 
topological groups. In the case of the loop group the non-archimedean completion produces 
a new topological group V in which the initial group W is embedded as a dense subgroup 
such that V ^ W. Such topologies have purely non-archimedean origin related with non- 
archimedean uniformities or families of non-archimedean semi-norms on spaces of continuous 
or more narrow classes of functions between non-archimedean manifolds. In the classical case 
over R one might expect instead of this some repeated combination of an inductive and a 
projective limits, which is quite different thing. 

For the compact manifold M in the case of the diffeomorphism group the non-archimedean 
completion of W produces profinite group. For the locally compact manifolds M and iV in 
the case of the loop group L t (M, N) one of the non-archimedean completion of W produces 
its embedding into Z p N and also there exists the completion isomorphic with (i/Z) H °, where 
uZ is the one-point Alexandroff compactification of Z. When W is bounded relative to the 
corresponding metric in L t (M,N), then W is embedded into Z p N . Moreover, topologies 
of Diff w (M) and Diff(M) or L t (M,N) and L W (M,N) are incomparable for compact 
manifolds M and N, where the groups Diff w (M) and L W (M,N) are supplied with the 
weak projective limit topologies r w . The group Diff f (M) is topologically simple, on the 
other hand, the group L t (M,N) is commutative. 

An existence of one parameter subgroups of Diff t (M) is investigated in Section 5. It is 
proved in Section 6, that Dif /*(M) is topologically simple relative to its C* compact-open 
topology, as well as the theorem about continuous automorphisms of Dif jf*(M) is proved. 

The notation given below and the corresponding definitions are given in detail in [2T1I23]. 



3 



All results of this paper over the fields of positive characteristics are obtained for the first 
time. 

2 Groups of diffeomorphisms. 

1. Definitions. Let K be an infinite field with a non trivial non archimedean valuation, 
let also X and Y be topological vector spaces over K and U be an open subset in X. For a 
function / : U — > Y consider the associated function 

f®(z,v,t) := [f(x + tv)-f(x)]/t 
on a set U [1] at first for t ^ such that U [1] := {(x,v,t) G X 2 x K, x G U, x + tv G U}. 
If / is continuous on U and /M has a continuous extension on then we say, that / 
is continuously differentiable or belongs to the class C 1 . The K-linear space of all such 
continuously differentiable functions / on U is denoted C^(U,Y). By induction we define 
functions f n+1 ^ := (f [n] ) [1] and spaces C^ n+1 \U,Y) for n = 1,2,3,..., where /@ := /, 
f[n+i] e c^(U,Y) has as the domain := (U^l 

The differential df(x) : X — > Y is defined as df(x)v := f^(x,v, 0). 

Define also partial difference quotient operators <3> ra by variables corresponding to x only 
such that 

<^ 1 f( X ]V]t) = fW(x,v,t) 
at first for t ^ and if $ 1 / is continuous for t ^ and has a continuous extension on 
£/M =: U^ l \ then we denote it by $ x f(x;v;t). Define by induction 

$> n+1 f(x; vi, ...,u n+ i;*i, ...,*„+i) := ^(^"/(a;; «i, ...,u„;ti, £ n ))(z; v n+1 ; t n+1 ) 
at first for ti ^ 0, t n+1 ^ on [/( n+1 ) := {(x; ux, u n+1 ; t 1} t n+1 ) : x eU;v 1 , ...,v n+1 G 
X; ti, ...,t n+ i G K; x + f iti G U, ...,x + v±ti + ... + v n+ it n+ i G U}. If / is continuous on U 
and partial difference quotients $ 1 /,...,<I >n+1 / has continuous extensions denoted by 
$ n+1 / on £/ (1) ,...,£/ (n+1) respectively, then we say that / is of class of smoothness C n+1 . 
The K linear space of all C n+l functions on U is denoted by C n+1 (U, Y), where <3> / := /, 
C°(U, Y) is the space of all continuous functions / : U — > Y. 

Then the differential is given by the equation d n f(x).(v 1 , v n ) := n\$ n f(x] vi, t>„; 0, 0), 
where n > 1, also denote _D n / = cf 1 /. Shortly we shall write the argument of as x^ G 
and of <5 n / as x^ G £/ (n) , where = x (0) = x, x^ = x« = (x,v,t), = w (0) = v, h = t, 

x [k] _ ^.[fc-l]^[fc-l]^ f or > i x (k) ._ ( x . Vlj ... yVk -t 1 , ...,tk). 

Subspaces of uniformly C n or C' n l bounded continuous functions together with $ fe / or 
T k f on bounded open subsets of U and or for k — 1, ...,n we denote by C£(U,Y) 
or Cj; n '([/, y) respectively. 
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Consider partial difference quotients of products and compositions of functions and rela- 
tions between partial difference quotients and differentiability of both types. Denote by 
L(X,Y) the space of all continuous K-linear mappings A : X — > Y. By L n (X® n ,Y) 
denote the space of all continuous K n-linear mappings A : X® n — > Y, particularly, 
L(X,Y) = L 1 (X <g>1 , Y). If X and Y are normed spaces, then L n {X® r \Y) is supplied with 
the operator norm: ||A|| := ^9h^o,...,h n ^o-M,-,h n ex WA.^ ...,h n )\\ Y / i\\h 1 \\ x ...\\h n \\ x ). 

2. Lemma. The spaces C^(U, Y) and C l (U,Y) are linearly tope-logically isomorphic. 
If f G C n {U,Y), then § n f(x; *; 0, 0) : X® n -> Y is a K n-lmear C°(U, L n (X® n ,Y)) 
symmetric map. 

Proof. From Definition 1 it follows, that f [1] (x, v,t) = f(x;v;t) on U [1] = £/ (1) , so 
both K-linear spaces are linearly topologically isomorphic. On the other hand, due to its 
definition $ n f(x; *, 0, 0) is the K n-linear symmetric mapping for each x G U and it 
belongs to C°(U, L n (X® n , Y)), since & n f(x; v i: v n ; t\, ...,t n ) is continuous on and for 
each x G U and i>i, v n G X there exist neighborhoods Vi of i>j in X and 14 7 of zero in K 
such that x + WV X + ... + WV n C U. 

3. Lemma. Operators T n (f) := from C^(U,Y) intoC°(U^,Y) and$ n : C n (U, Y) - 
C°(C/^,y) are K-linear and continuous. 

Proof. Since [(af + bg) (x + vt) - (af + bg) (x)]/t = a(f(x + vt) - f(x))/t + b(g(x + vt) - 
g(x))/t for each /, g G C X (U, Y) and each a, 6 G K, then applying this formula by induction 
and using definitions of operators T n and $ n we get their K-linearity. Indeed, 

T n {af + bg)(xW) = T 1 (T n-1 (a/ + ty)^"- 1 ]))^) = T^a/ 1 " -11 + ^"-^(xM) = 
a /N(a;[n]) +6^N(xW) and 

$ n (a/ + &#)(a;( n )) = ^(^""V/ + MO^ - ^))^) = ^(a/^ -1 ) + 6^ n " 1 ))(a;( n >) = 

a /W( x (")) +&0(")(a;W). 

The continuity of T n and <3> n follows from definitions of spaces C [n] (U,Y) and C n (U, Y) 
respectively. 

4. Definitions. Let M be a manifold modelled on a topological vector space X over K 
such that its atlas At(M) := {(Uj, M<f>j) '■ j G A M } is of class Cp , that is the following four 
conditions are satisfied: 

(Ml) {Uj : j G Am} is an open covering of M, Uj = mUj, 

(M2) Uj 6 Am ^ = M, 

(M3) M<Pj '■= 4>j '■ Uj — > <t>j{Uj) is a homeomorphism for each j G A M , 4>j(Uj) C X, 
(M4) 0j o 0r x g C^' on its domain for each U fl 7^ 0, 
where A M is a set, := fl*=i CL C [ ™ ] := f)Zi C [l] , a' G {n, [n] : 1 < n < 00}, /3 G {0, 6}, 
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Supply Cp(U, F) with the bounded-open Cp topology (denoted by T a> p generally or r a for 
(3 = or for compact U) with the base W(P, V) = {/ G C|(X, F) : S fe /|p e V, k = 0, ra} 
of neighborhoods of zero, where P is bounded and open in U C X, P C £7, V is open in 
F, G V, S k = $ fe or S k = T k for a = ra or ct = [ra] respectively, i>i, ...,t>„ G (P — yo), 
vf^ G (P — yo) f° r eac h k, I for some marked y G P and | < 1 for every j. 

If M and X are Cp manifolds on topological vector spaces X and F over K, then consider 
the uniform space Cp(M, N) of all mappings / : M — > N such that fjj G Cp on its domain 
for each j G A^r, i G A M , where /^j := N<f>j ° / ° i s with values in Y, a < a'. The 

uniformity in Cp(M, N) is inherited from the uniformity in Cp(X, F) with the help of charts 
of atlases of M and N. If M is compact, then C%{M,N) and C Q (M, X) coincide. 

The family of all homeomorphisms / : M — > M of class denote by Diffp(M). 

Let 7 be a set, then denote by c (7,K) the normed space consisting of all vectors x = 
{xj G K : j G 7, for each e > the set {j : \xj\ > e} is finite }, where ||x|| := sup j67 \xj\. In 
view of the Kuratowski-Zorn lemma it is convenient to consider 7 as an ordinal. Henceforth, 
suppose that X = co(7x, K) and F = c (7y, K). 

5. Theorem. The uniform space Diff^(M) (see §4) is the topological group relative to 
compositions of mappings. 

Proof. The group operation in Diffp(M) is (/, g) 1— > / o g, where / o g(x) := f(g(x)) 
for each x G M. Then f — id is the unit element in Diffp(M), where id(x) = x for each 
x G M. Since the composition of mappings is associative, then / o (g o h) = (/ o g) o h is 
associative as the group operation. For each / G Diffp there exists its inverse mapping f^ 1 
such that f~ l {y) = x for each y = f(x), x G M, since / : M — > M is the homeomorphism. 
It remains to verify that f^ 1 G Diffp(M) for each / G Diffp(M) and the composition 
(Diffp) 2 3 (f, g) 1— > / o <? G Diffp(M) and inversion / 1— > are continuous operations. 

In the normed space F = co(7y, K) a subspace spanK{e-, : j G 7x} consisting of all finite 
K-linear combinations of vectors ej = (0, 0, 1, 0, ...) with 1 on the j-th place is everywhere 
dense. Therefore, each / G C^(U,Y) is the uniform limit of mappings (/1, fj, 0, ...) G 
C£(U, Y) together with & k f or T k f on bounded subsets of U and £/ (fe) or U [k] for 1 < fc < n, 
n G N, n < a. In particular, consider N<pi 0/0 for / G C"(M, N) taking U as a finite 

union of m<M uUj). Consider all possible embeddings of K w into X, particularly, containing 
x {k) or f or g^jj < A; < n, where n G N, ra < a. In view of Formulas 6(1) or 7(1) of the 
Appendix using restrictions on different embedded subspaces or K^ fc ^ into X^ or X^ 
and uniform continuity of T k and $ fc on bounded open subsets, k — 0, 1,2, we get, that 
fog g C 6 a (M, M) for each f,g& Difff(M), since /,,,o ftii G C 6 Q (f/ Mii ,X) on corresponding 
domains C// jS)i in X. From f,gE Hom(M, M) it follows, that / o p g Hom(M, M), hence 
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fog G Dif fj?(M). Applying to id^i = ff^ o / si on corresponding domains Formulas A. 6(1) 
or A. 7(1) and restricting on different embedded subspaces or K.^ in X™ or X^ and 
using uniform continuity on bounded open subsets for T k or <b k , = 0, 1, 2, to both sides 
of this equality gives that f' 1 E Difff(M) for each / G Difff(M). 

The space Cf(U, Y) is normed for U bounded in X for <p E {n, [n]} with neN such that 

(!) ll/llc»(t/,Y) := sup < fc < n;2gv , (fc ) ||$ fc /(z)l|y or 

(2) \\f\\ c M {u>Y) ■= sup < fc < n;2eyW \\T k f(z)\\ Y , 
where V™ := {z E f/ (fc) : z = (x;v 1 ,v 2 , ...;t 1 ,t 2 , ...), \\vj\\ x = lVj}, V® := {z = i [fc] G E/W : 
||4 fe_1] || x = 1, | iv [ 2 \ +1 \ < 1, |4 9l | < 1 VI, q}- The uniformity of C%°(U,Y) or C|°° ] (C/,y) 
is defined by the family of such norms. Then the uniformity in C£(M, N) is induced by the 
uniformity in Cg(U, Y) by all bounded subsets U in finite unions of m<M mU%), since to each 
/ G C°(M, iV) there corresponds = jv^j ° / ° M<t>i l m Cb{Uj,i, Y) with a corresponding 
domain Ujj C X. Then application of Formulas A. 6(1) or A. 7(1) by induction on k and 
restricting on different embedded subspaces or K^ fc ^ in X™ or X^ and using uniform 
continuity on bounded open subsets gives that (/,<?) i— > o g is uniformly continuous 
on bounded subsets of U and or ?7^ 3 where U is a finite union of charts Uj of M. 

6. Definition. A topological group G is called a Cp Lie group if and only if G has 
a structure of a CS manifold and the mapping G 2 3 (f,g) i— > Z -1 ^ G G is of class of 
smoothness Cf, where a < a'. 

7. Theorem. If M is a C° manifold on X = c (7x,K), where either a = oo or 
a = [oo], then Diff^(M) is the C£ Lie group. 

Proof. In view of Theorem 5 it remains to demonstrate that G can be supplied with 
a structure of manifold and that G 2 3 (f,g) > f l 9 G G is of class of smoothness 
C". It is possible to take an equivalent atlas of M consisting of clopen (closed and open 
simultaneously) charts Uj shrinking it a little in case of necessity. Take a base W of neigh- 
borhoods of id in Dif fh(M) from the proof of Theorem 5. Then consider a subgroup Q in 
Difff(M) such that QW covers Difff(M) for each W G W, where QW := {gW : g G Q}, 
gW := {gf : / G W}. Therefore, the base QW generates a topology in Diff^(M) equiva- 
lent with the initial one (see Chapter 8 in |11|). Moreover, QW generates a left uniformity 
in the group of diffeomorphisms. 

Consider a subset Wjj := {f\u E W : f E Dif f®(M)} for a bounded open U in Uj for 
some j E A M . Then <f>io(gWu)o<t>j x C C 6 a (V},X) and <j>io(gW v ) C Cf?(U,X) for each i, where 
Vj := (j>j{Uj) C X. Therefore, gW v H fcWy = {/ G Dif ft (M) : ^/Ic/ e W, ^7|v e W}, 
Wi, n WV = {/ e Difff(M) : /Ic/uy e VF}. Put := & ® <T X ® such that 

VwG^) := 0, o ^((sM^) o 0Ti) c C 6 a (A^), where A = ^(U), ^ := ^ <g> h ® 
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hence ^ ° ^{gWu H /iW v ) = (^ ° ° h ( W u H f 1 ^) o o for [7 C f/,, 

V C Ub with C/j fl [4 7^ and UiHUi 7^ 0. Thus V'i.sJ V'f/i & gi ves the transition mapping for 
Diffb(M). On the other hand, each C"(A,X) has the natural embedding into C"(X,X), 
since X is totally disconnected and A can be taken clopen in X such that each / G C^(A, X) 
has a C"(X,X) extension. For C/j fl C4 7^ the intersection Wy fl WV is non void. 

Take At(Diff?(M)) := {(W giU ,^ 9ij ) : g G G A M } with charts W gJU := gWu, 

W G W and g E fl, U bounded in some C/j and with transition mappings ipi, g ,j o ip^ b 
for Wh,u and W Sl y when [/ fl V 7^ 0. Since ipi, g ,j ° V^ft G C™, then this is the atlas. 
The mapping (/,#) i-> f~ x g is of class C b ^(Diff b 0l (M),Diff b 0l (M)) due to Formulas A.6(l) 
and A. 7(1), since the mappings (fi,j,gi,i) >— > f^J 9i,i from C£(U,X) into C"(V, X) with 
[/ c <f>i(Ui) ^ and V C <^(E/,-) are of class C fc Q . 

8. Theorem. // an ultrametric field K is complete relative to its multiplicative norm 
and a > 1, then Dif /"(M) is complete as a left uniform space. 

Proof. Recall some facts about uniform spaces. A subset A of the product S x S 
of a set S 1 is called a relation in S. The relation inverse to A is denoted —A such that 
—A = {(x,y) : (y,x) G A} and the composition of relations is denoted A + B such that 
A + B = {(x,z) : there exists a y G 5 such that (x, y) G A and (y, z) G -B}. Denote by 
A := {(x, x) : x G S} the diagonal of the product S x S. Every subset in S x 5 containing 
A is called an entourage of the diagonal A. The family of all entourages of the diagonal is 
denoted by V s . One writes \x — y| < V if (x, y) G V and one says that x and y are at a 
distance less than V. If the condition \x — y\ < V is not satisfied, then one writes \x — y\ > V. 
If A C S and \x — y\ < V for each x, y G A, then one says that the diameter 5(A) of A is 
less than V. Denote 1A := A, nA := (n - l)A + A. 

A uniformity U in a set 5 1 is a non-empty subfamily in T>s satisfying the following four 
conditions: 

(171) If V G U and V C W G P S) then W G U; 

(172) If Vl, ^2 e W, then Vi D V2 e W; 

(C/3) For each V Eti there exists W <EU such that C V; 
(^4) fVerf V = A. 

A topological space S 1 is called a Ti space if for each x ^ y E S there exists an open set 
U in S such that x <E U and y £ U. A topological space S 1 is called a Tychonoff space and 
it is denoted by T 3 i if it is a 7\ space and for each point x & S and each closed set J in 5 
with x J there exists a continuous function / : S — > [0, 1] C R such that f(x) = and 
f(y) — 1 for each y G J. If 5 is a Tychonoff space then for every finite family of functions 
/1, ...,/„ G C°(S,R) or C fe °(5,R) the formula p fl ,..., fn (x, y) := max™ =1 |A(x) - A(y)| defines 



8 



a pseudo-metric in S. The families of such pseudo-metrics denote by P and respectively. 
They generate uniformities denoted by C and correspondingly (see Chapter 8 in [llj). 

If U is a uniformity in S, then the family O := {U C S : Vx G U3V G U such that B(x, V) C 
U} is the topology in S and it is called the topology induced by the uniformity U. 

Every covering of S for which there exists V G U such that C(V) is a refinement of it is 
called a uniform covering relative to U, where C(V) := {B(x, V) : x G S}, B(x, V) := {y G 
5 : \x-y\ < V}. 

If (S,14) is a uniform space and T is a family of subsets of S, then one says that T 
contains arbitrary small sets if for every V G U there exists F G T such that 5(F) < V. A 
uniformity W in S is called complete or (S,U) is called complete, if for each family of closed 
subsets {F u : u G \&} of the topological space S 1 with the topology induced by W which has 
the finite intersection property and contains arbitrary small sets the intersection Dug* F u IS 
non-empty. 

If C is an ordered set and {x u : u G C} is a net in such that for each V E hi there 
exists Mo G C for which |x u — x v | < for each C 3 u,v > Uo, then it is called the Cauchy 
net. In accordance with theorem of Chapter 8 [H] a uniform space (S,U) is complete if and 
only if each Cauchy net in this space is convergent. On the other hand, each closed subset A 
of a complete uniform space (S,U) is complete relative to the uniformity Ua in A inherited 
from U in S. 

If G is a topological group and B(e) = B is a base of neighborhoods at the unit element 
e, then each F G B determines three coverings of the topological space G: Ci(F) = {xF : 
x G G}, C r (F) := {Fx : x G G}, C(F) := {xFy : x,y G G}. By Q, C r and C are denoted 
the families of those coverings of G which have refinements of the form Ci(F), C r (F) or C(F) 
respectively. Each of these families generates a uniformity in G. The topology of each of 
these uniformities is the same as the initial topology in G. 

The uniform space Cf?(M,M) is complete for complete M. If U is a bounded canonical 
closed subset of M contained in a finite number of charts of M, then Diff"(U) for each 
a > 1 is the neighborhood of id\u in C^(U,X), since from / G C™(U,X) with || (id^j — 
fi,j)\<t>j(y)\\n,u,x < [-7T | for each i,j and 1 < n < a, n G N, it follows that / G Dif f^(U), 
where 7r G K, < [vr [ < 1, || * ||n,i/,x is either || * \\c™(u,x) or || * ll^w^x) f° r a ^ N U {oo} 
or a G {[1], [2], ...} U {[oo]} respectively. 

Let {f w : w G C} be a Cauchy net in Dif f^(M), where C is a directed set. This means 
that for each neighborhood W of id in Diff^(M) there exists wo G C such that /J 1 /?) £ 
for each w < w,v G C, hence /„ G f Wo W for each u > w . Since Diffg(M) C Cg(M,M) 
and C°(M, M) is complete, then /„ converges in C£(M, M) to a function /. Uniformities in 
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the latter space and in the group of diffeomorphisms are related by formulas outlined above. 
We can take as W a canonical closed subset in Dif f£(M), id G W. For each bounded U in 
M as above the restriction f\u is the diffeomorphism of U onto f(U), f\u G fw Wu- 

Relative to the left uniformity in Diff^(M) the left shift mapping Lh is uniformly 
continuous, where L h g := hg for each h, g in the group. There exists a canonical closed 
neighborhood U of the unit element id in C^(M,X) such that it is contained in the group, 
since a > 1 and due to definitions of uniformities in them, while M is modeled on the Banach 
space. Take a canonical closed symmetric neighborhood V in Dif f®(M), V = cl(Int(V)), 
V^ 1 = V, such that V 2 C U . If {g n : n} is a Cauchy net in the group, then for each e > 
there exists n such that p(g m ,g n ) < e for all n,m > n , where p is the left-invariant metric 
in the group. This is equivalent with the fact that for each e > there exists n so that 
\\9n 1 9m — id\\c a < e in the corresponding space for each n,m > n . On the other hand, there 
exists h in the group and N > so that L h g m G V for every m> N . If X is a Banach space, 
then from the completeness of Cff(M,X), and hence of U, since U is closed in Cff(M,X), it 
follows, that Diff^(M) is also complete as the uniform space (see also Theorems 8.3.6 and 
8.3.20 [III). 

Since K is complete, then X is complete, hence X is the Banach space. Thus C®(U, X) is 
complete for each U bounded clopen subset in X. Consider a neighborhood W from the base 
of neighborhoods of id, W = Wu, n , e ,i,j = {/ G Diff{?(M) : \\fij\\ n ,u,x < e}, where i,j e A M , 
n G N, n < a, U is a clopen bounded subset in X such that U C <pj(Uj), < e < oo, 
II * \\n,u,x ■= || * llq i (c/,x) or || * \\ n ,u,x ■= \\ * \\ c ^\u,x) res P ective ly- Take without loss of 
generality < e < The manifold M is on the normed space X, hence M is paracompact 
and it has a locally finite refinement of its atlas (see [TT]). Each ipi ° /™ ° 0J 1 is converging 
to a function denoted fcj and by transfinite induction this consistent family {fij} induces 
/ G C®(M, M) such that f w converges to /. Since T k (f)i o f w o 0~ 1 (y'^) is bounded for each 
y[k] corresponding to bounded U, then T k (pi o f o 0J 1 (yW) is bounded and ||/ij|| n ,c/,x < oo, 
analogously for Thus / G C£(M,M), consequently, / G Difff(M). 

May be simply it can be proved using the tangent bundle of the group of diffeomorphisms 
for a > 1. 

9. Theorem. If a manifold M has a finite atlas having clopen bounded 4>j(Uj) C X, 
< a < oo, then Diff®(M) is metrizable by a left invariant metric. 

Proof. The metrization Theorem 8.3 |16j states that if G is a T topological group, then 
G is metrizable if and only if there is a countable open basis at e. In this case, the metric 
can be taken left-invariant. If At(M) is finite such that each 4>j(Uj) is a clopen bounded 
subset in X, then the base of neighborhoods of id in Diff^(M) is countable and Diff^(M) 
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is metrizable by a left invariant metric in accordance with the general metrization theorem. 
Practically take as the metric p{f,g) := p{idj~ l g) := max ijeAM \\id i:j - {f^g^jWcgiv^x), 
where Vj := 4>j{Uj). 

10. Remark. As it is known left and right uniformities in a topological group may be 
different. Here a left uniformity was considered above. On the same group there may exist 
several topologies supplying it with structures of a topological group and these topologies 
need not be comparable. 

3 Projective decomposition of diffeomorphism groups. 

1. Notations and Notes. Let M and N be compact manifolds over a locally compact 
field K. Suppose that M and N are embedded into £>(K m ,0, 1) and _B(K n ,0, 1) as clopen 
(closed and open at the same time) subsets [fH [29], where m, n G N, B(X,y,r) := {z : z G 
X; dx{y, z) < r} denotes a clopen ball in a space X with an ultra-metric dx- 

The unit ball B(K", 0, 1) has the ring structure with coordinate wise addition and multi- 
plication, where char(K) = or char(K) = p > 1 is a prime number. This ring is isomorphic 
to a subring of diagonal matrices in the ring M n (K) ofnxn square matrices over K. Then 
B(K. n ,0,\n\ k ) for k > 1, 7r G K, < fvr [ < 1 is its two-sided ideal, since K is commu- 
tative and |*| = | * |k is the multiplicative norm in K. Thus there exists the quotient 
ring B(K n ,0, 1) / B(K n ,0, \n\ k ) [4]. The ring B(K",0, 1) is algebraically isomorphic with the 
projective limit B(K", 0, 1) = pr — lim/c S p k n , S p k is a finite ring consisting of p kc elements 
such that Spk = S p k(K) is equal to the quotient ring _B(K,0, 1)/£>(K, 0,p~ k ), S p k n = S p k® n 
is an external product of n copies of S p k, c is a natural number. Though their structure de- 
pends on char{K) we denote these rings by the same symbol depending on K and omitting 
it, when a field is specified. In particular B(F pn (6), 0, 1)/£(F P »(0), 0, p- k ) = (F pn )®P k = 
S pnk = S p „ k (F pn (0)) and S(Q p , 0, 1)/B(Q P , 0,p~ fc ) = Z p /(p%) = S pk = S pk (Q p ) are 
finite rings consisting of p nk and p k elements respectively, Z p is the ring of p-adic integer 
numbers, aB := {x : x = ab,b G B} for a multiplicative group B and its element a G B, 
k G N [33, [42]. The quotient mapping : K — >• K/£>(K, 0,p~ k ) is defined as well, where 
k G N. 

Decompositions of continuous and differentiable functions on compact subsets of locally 
compact fields K of zero and non-zero characteristics with values in K into series of poly- 
nomials were studied in [UEUE] and references therein. Each function / G C l {M,N) has a 
C*(i?(K m ,0, 1), K n )-extension by zero on £>(K m ,0, 1). Therefore, it has the decomposition 

(1) / = J2l,m f'LQmei 
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in the Amice's basis Q m , where e; is the standard orthonormal in the non-archimedean sense 
[37| basis in K n such that ei = (0, 0, 1, 0, ...) with 1 in the l-th place, m G Z n , mi > 0, 
m = (mi, ...,m n ), /^GK are expansion coefficients such that liim + | m |_ ) . 00 [f^jcJ^, m) = 0, 
Qm are polynomials on £>(K m ,0, 1) with values in K, J{t,m) : = ||Qm||c*(B(K m ,o,i),K)- The 
space C t (M,N) is supplied with the uniformity inherited from the space C^(K m ,K n ). 

2. Lemma. Each f G C*(M, N) is a projective limit f = pr — \im k f k of polynomials 
fk = E/,m fL,kQm,kei on rings Sp k = Sp k (K) with values in S pk = S pk (K) ; where f l mk G S pk 
and Q m ,k are polynomials on S™ k with values in S pk . 

Proof. For each m > k consider the quotient mappings (ring homomorphisms) : ir m : 
B(K, 0, 1) — ► S p m and 7r™ : S p m — ► S p k (see §1). This induces the quotient mappings 
Tr m : N ^ N m and tt^ 1 : iV m — > AT fc , where A" m C S p m, 7r^ o 7r m = 7r fc , 7r£ = z'd fc : S pk -> S pk . 

Let now M and A/" be two analytic compact manifolds embedded into _B(K m ,0,l) and 
B(K",0, 1) respectively as clopen subsets and / G C t (M, iV), where C t (M,N) denotes the 
space of functions / : M — > iV of class C*, t > 0. There exists s G N such that if 
x G M and y G N, then 5(K m , x,p~ s ) C M and -B(K n , y,p~ s ) C iV. Therefore, consider 
the cofinal set A s := {k : k > s, k G N} in N. For an integer t it is a space of t-times 
continuously differetiable functions in the sense of partial difference quotients (see Section 2 
and [2H [23l [39]). Thus / = pr — \im k fk, where fk '■— 7i&(/), is naturally induced by ^ 
using the polynomial expansion of / (see in details below), where such decomposition exists 
for each continuous / : M — ► N due to Formula 1(1) (for the limit of an inverse sequence, 
see [4], §2.5 [llj and §§3.3, 12.202 [31]). Put C\M k ,N k ) := tt* o C\M,N) = {f k : / G 
C*(M,JV)}, hence 

(1) C*(M, iV) C - limjfc C*(M fc , iV fc ) 

algebraically without taking into account topologies. Thus write it in the form: 

(2) C\M, N)=T-pr- lim{C*(M fc , N k ), vrf , K\C\M, N)} algebraically, where 

( 3 ) T-pr- \im{P k , Trf , A|G} := {/ : pr - \im{f k , tt,*, A} = /, / G G, f k G P k Wk G A} 
denotes the conditional projective limit with a condition G, since T— pr — lim{P fc , 7rf, A|G} = 
Gnpr - lim{P fe ,7rf,A}. 

Indeed, in accordance with §1 f k = ir k (f) and 

(4) ir* k (f(x)) = Ei,mMfL)(KQm(x))e h 

since n k is the ring homomorphism and 7r fc (e;) = e;. Then ii k (ax m ) = a k x m (k) for each a G K 
and x G 5(K m ,0, 1), where x m = x™ 1 ...x™ m , a fc = n k (a) with a fe G S pk and x m (k) := ir k (x m ) 
with x{k) G Sp k , hence 

(5) n* k (Q m (x)) = Q m , k (x(k)). 

If Qm(^) = Hqfi< q] < m ^jb q x q , where g = (q u ...,q m ), m = (m 1 ,...,m m ), G {0,1,2,...} =: 
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N , j = 1, m, b q G K, x q := xf ...x^ m , then 

Qm,k{ x {k)) = T^q,Q<qj<mj\/j 7T k(b q )x(k) q , 

x{k) = (ir k (xi), 7T k (x m )), since n k : K — > K/£>(K, 0,p~ fc ) is defined as well. The series for 
fk is finite, since 7rfc(a) = for each a G K with |a| < p~ h and 

(6) limj+^oo |/^| K J(t,m) =0. Therefore, 

(7) f(x) = pr — lim{/ fc (a;(A;)), 7if , A s } for each x G M. 

As shows this proof the index t can be omitted from G t (M k , iV*,), where A; G A s . More 
precisely we have the following corollary. 

3. Corolary. The space C*(Mfc, iV^) «s independent from t and it is algebraically iso- 
morphic with the space N k k of all mappings from M k into N k for each k G A s . Moreover, 

(s m ) 

(Sp k ) p k is a finite- dimensional space over the ring S p k. 

Proof. In view of Lemma 2 in the module C*(Sp k , S p k) of the ring S p k there is only a 
finite number of S p k-linearly independent polynomilas Q m ,k( x (k)), since the rings Sp k and 
S p k are finite, also z a = z b for each natural numbers a and b such that a = b (mod (p k )) and 
each z G S p k. The space C l (M k , N k ) is isomorphic with N^ k , since M k and N k are discrete. 

Therefore, denote C\M k ,N k ) by C(M k ,N k ). 

4. Corollary. There exists the group n k o Dif f a (M) isomorphic with the symmetric 
group S nk for every k G A S) where is the cardinality of M k , a G {n, [n] : < n < oo}. 

Proof. For each k G A s there exists the mapping n k : M — ► (see the proof of lemma 
2). Since n k is the quotient continuous mapping, then n k (M) = M k . If / : M — > M is a 
continuous epimorphism, f(M) = M, then n k (f(M)) = M k . Let z G M fc , G A s , then there 
exists x G M such that 7Tfc(x) = z, hence /fc(z) = ^k(fi n k ( z ))) due to Formulas 2(4,5), 
since ^{^^(z)) = z and 7i k (x) = x(k) = z. Then 7r^ 1 (M A ) = M and ir k ~ l (f k (M k )) = 
\J ze M k {f( x ) '■ x e 7r fc 1 (- 2 )}i consequently, ir^ -1 (f k (M k )) = M, since for each x G M there 
exists 2 G Mfc such that 7Tfc(x) = z. Therefore, if h G Dif f a (M), then h k (M k ) = M k , since 
/i(M) = M and M k is finite. In accordance with Theorem 3.2.14 [UJ if {0, is a mapping 
of an inverse spectrum {X a ,7Tp,^f} of compacts into an inverse spectrum {Y a >,7r'L ,^f'} of 
Tx-spaces and all f a > are epimorphisms on Y a >, then the limit mapping / = pr — lim{</>, f a t} is 
also the epimorphism. In view of Corollary 3 7r k oDif f a (M) is algebraically isomorphic with 
the following discrete group Hom(M k ) of all homeomorphisms h k of M k , that is, bijective 
surjective mappings h k : M k — > M k . Using an enumeration of elements of M k we get an 
isomorphism of Hom(M k ) with £ nk . 

5. Suppose that C W (M, N) := pr - \\m k {N k \ nf , A s } is an uniform space of continuous 
mappings / : M — > iV supplied with an uniformity and projective weak topology as well 
inherited from products of uniform spaces nj£i ^if k ( see a ^ so §8-2 [H] and §1 above). Denote 
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the corresponding projective weak topology in C W (M,N) by r w . The spaces C a (M,N) and 
C W (M,N) are subsets of K-linear spaces C a (M,K") and C°(M,K n ) respectively Supply 
with algebraic structures subsets of the latter K-linear spaces as inherited from them. 

Corollary. The uniform space C a (M, N) is not algebraically isomorphic with C W (M, N), 
when a > 0. The topological space C W (M,N) is compact. 

Proof. In accordance with appendix in [I] and §2.5 fTT] and Formulas 2(1 — 6) above the 
spaces C°(M, N) and C W (M, N) coincide algebraically, since the connecting mappings 7r™ are 
uniformly continuous for each m > n. The space C°(M, K n ) is K-linear and its uniformity 
is completely determined by a neighborhood base of zero. The space C W (M, N) is uniformly 
homeomorphic with pr — limfc(S p k) Mfe , which is compact by the Tychonoff Theorem 3.2.4 
[UJ. Since C°(M,N) ^ C a (M,N) for a > 0, then C W {M,N) and C a (M, N) are different 
algebraically see Formulas 2(1 — 3)). 

Remark. In general in two consequtive projective limits of topological spaces two limits 
may be non commuting. 

6. Suppose that Dif f w (M) := pr — \im k Hom(M k ) is supplied with the uniformity inher- 
ited from C W (M, M). The group Diff w (M) is called the non-archimedean compactification 
of Dif f«(M). 

Theorem. The group Diff w (M) is the compact topological group and it is the compact- 
ification of Dif f a (M) in the projective weak topology r w . If a > 0, then Diff a (M) does 
not coincide with Diff w (M). 

Proof. From Dif f a (M) C C a (M,M) it follows that Diff a (M) has the corresponding 
algebraic embedding into C W (M, M) as the set. Since C W (M, M) is compact and Hom(M) is 
a closed subset in C W (M, M), then due to Corollary 5 Hom(M) f)C w (M, M) = Diff w (M) is 
compact. The topological space C a (M,M) is dense in C°(M, M), consequently, Diff a (M) 
is dense in Diff w (M). If a > 0, then Diff a (M) ^ Hom(M), hence Diff a (M) and 
Diff w (M) do not coincide algebraically. It remains to verify, that Diff w (M) is the topo- 
logical group in its projective weak topology t w . If /, g G C a (M, N), then nl(Q m (g(x))) = 
Qm,k(9k(x(k)) due to Formula 2(4), consequently, n* k (f o g) = J2i, m ^k(fL)Qm,k(9k(x(k))e h 
hence 

(1) (f°g)k = fk°gk- 

Since vr fc (x) = x(k), then Tr^(id(x)) = id k (x(k)), where id(x) = x for each x G M. Therefore, 
for / = g' 1 we have (/ o g) k = f k o g k = id k , hence 

(2) Tr^Gr 1 ) = 9k 1 - 

The associativity of the composition (/& o g k ) o h k = fk ° (gk ° hk) of all functions f k , g k , h k G 
Hom(M k ) together with others properties given above means, that Diff w (M) is the alge- 
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braic group. 

Indeed, inverse limits of mappings / = pr — lim fc f k , g = pr — lim fc g k and h = pr — \im k h k 
satisfy the associativity axiom as well, each / has the inverse element f~ l = pr— lim k fjT 1 such 
that = id and e = id is the unit element. By the definition of the weak topology 

in Dif f w (M) for each neighborhood of e = id in Dif f w (M) there exists l;6N and a subset 
H4 C Hom(M k ) such that G ^^(W^) c W- On the other hand, Hom(M k ) is discrete, 
hence there are e k <E V k C Hom(M k ) and e k E U k C Hom(M k ) such that \4£4 C W k , hence 
there are neighborhoods e G V C Dif f w (M) and e e U C Dif f w (M) such that Vi7 C J¥, 
where V = ^(V*), U = Tr^(U k ) and VU = {h : h = f o g, f G V, g G C/}. Consider a 
neighborhood W of then 1/ := W'f~ l is the neighborhood of e and there exists k G N 
such that 7r^ 1 (efc) —:Uc V~ l , since e^ 1 = and 7Tfc is the homomorphism. Thus, fU := W 
is the neighborhood of / such that W' 1 C W ', hence the inversion operation / i— > is 
continuous. 

7. Theorem. T/je initial C a topology r a and the weak projective limit topology t w in 
Dif f a (M) are incomparable, where M is compact. 

Proof. Remind that a topology 0\ in a topological space F is called weaker, than a 
topology 2 , if Ox C 2 or one says that C 2 is stronger than 0\. Up to a diffeomorphism 
as above consider M clopen in 5(K n ,0, 1). Since DiffP(M) is contained in Diff a (M) for 
each P > a > and Tp is stronger than r a in Dif f l3 (M), then it is sufficient to prove this 
theorem for a > 1. Each projection 7r^ : C a (M, K n ) — ► (Kj^.) Mfc induces the quotient metric 
p k in the K k -module (Kj^) Mfc such that p k (f k , g h ) := inf 2i7rfe(2)=0 ||/ - g + z\\ c «(m,k°), where 
Kk := K/_B(K, 0,p~ fc ) is the quotient ring and n k is induced by such quotient mapping from 
K onto K k . 

In view of the Kaplansky theorem which is the non-archimedean analog of the Stone- 
Weierstrass theorem and true over fields of zero and non-zero characteristics in 
C a (B(K.", 0, 1), K) the set of polynomials is dense [3H [7]. Thus after application of the 
quotient mapping we get that in the module C(S p k n , S p k) over the finite ring S p k the set of 
polynomials is dense. Moreover, each continuous function has a decomposition into converg- 
ing series of polynomials. The locally compact field K is commutative [42], hence the ring 
Spk is commutative. This means that the multiplicative group S p k* := S p k \ {0} is commu- 
tative and consists of p k — 1 elements. Thus, if ^ x G S p k, then x pk = 1. Therefore, over 
S p k the set of polynomials is finite dimensional, hence each f k G C(S p k n , S p k) is polynomial 
over S p k. 

Again consider C a (B(K", 0, 1), K), which is the algebra over K. If fi(x) = Xi, where 
x = (xx,...,x n ) G 5(K n ,0,l), then U"=i M^Y' = UU^'i e C a (B(K", 0, 1), K), where 
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x t '■= Hj=i( x i)j with (xi)j = Xi for each j, where s, G N. In particular, it contains a 
subalgebra Ak containing all constants from K and all polynomials of the form 

(1) J2k 1 =p k l(l),...,k n =p k l(n) a k 1 ,...,k n Xi 1 ...X^ n , 

where a kl ,...,k„ £ K, l(i) G {0, 1, 2, ...} with 

(2) J2k 1 =p k l(l),...,k n =p k l(n) a k 1 ,...,k n — 0, 1 < k G Z. 

This algebra ^ over K separates points in C a (B(K.", 0, 1), K) and by the Kaplansky 
theorem A is everywhere dense in C a (B(K n , 0, 1), K)). But vr^ 1 ) = (^(rcf ))'W = 1 for 
each i and fcj = p k l{i) with G {0, 1,2, ...}. Consider a polynomial with values in K n of 
the form 

(3) f = id + E"=l J2 kl =p k l(l),...,k n =p k l(n) Oj,fe 1 ,...,A; n ^l 1 ---^n ne «? 

where (/ — id) G A k , |ai,fe 1 ,...,fe n | < | vr j for each i, 1(1), /(n), where n G -B(K, 0, 1), \n\ < 1, 
|tt| = max{y G T K : < y < 1}. Then ||/ - id||c«(B(K",o,i),K) < Kl, consequently, / is the 
isometry and / G Dif f a (M) and inevitably 

fk ■= 7Tjfc(/) = TTfc(^) + E"=i Efe 1 =pfcJ(l),...,fe n =pfcJ(n) 7Tfc(ai,fc 1 ,...,fc n )e i = 7T^(«d) 

due to Condition (2). Therefore, (7it) _1 (efc) is everywhere dense in a neighborhood of e = 
id in Diff a (M), where e fc G n* k (Dif f a (M)) = Hom(M k ) is the unit element, fc > 1, 
card(M k ) > 1, Hom(M k ) is the symmetric group of M fc elements. 

On the other hand, there is c = card(Tl) elements / G Dif f a (M) with 

11/ - id||c«(B(K",o,i) ) K) < kl such that 

f = id + E"=i Efc 1 =pfci(i),...,fc n = P *i(n) a i M,...,k n Xi 1 ...x^e i , but with 

Efc 1 = P *i(i),...,fc n =pfci(n) ai,fci,...,fc„ ^ for which **(/) + e k- 
Thus the set , K k ~ 1 {e.k) is open in (Dif f a (M),r w ), but n%~ l (ek) r a . At the same time, 
{/ G Diff a (M) : ||/ - id|| c ««(B(K- ) o 1 i),K") < Kl} is open in {Dtf f a {M),T a ), but it is not 
open in topology. This proves the assertion of this theorem, since neither r Q nor is 
weaker among two of them and they are different. 

8. Theorem. Let M be a C a manifold finite dimensional over a non-archimedean 
infinite field K with a non trivial multiplicative norm complete relative to its uniformity, 
where K may be non locally compact. Suppose that Diffjf(M) is the group of all uniformly 
C a continuous diffeomorphisms of M, where M is embedded into K n as the bounded clopen 
subset, a G {t, [t]}, 1 < t < oo. Then G s := {g G Diff^(M) : \\g — id\\c<x(M,K n ) < K| s } has 
a non-archimedean completion, which is a group, where n G K, \n\ < 1, 1 < s G N. 

Proof. If g G G s , then g is the isometry: \g(x) — g(y) \ = \x — y\ for each x, y G M C K n , 
since 1 < t and g(x) — g(y) = th l g(x;x — y\ 1), where 1 < s. Without loss of generality 
up to an affine diffeomorphism of K n we can consider, that M C B(K n , 0, 1). Consider the 
ring homomorphism n k : B(K n , 0, 1) — > B(K n , 0, l)/B(K. n , 0, | tt | fc ) , where the quotient ring 
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is discrete and can be supplied with the quotient norm. Then n k (M) =: M k is the discrete 
topological space. 

Since M is clopen in K" then each g G Diff^(M) has the extension as id on K n \ M. 
Therefore, without loss of generality consider M such that there exists q G N for which from 
x G M it follows that B(K n ,x, \ir\ q ) C M. Consider the cofinal set A q := {k G N : k > q). 
If g G G s , then 

(1) g(B(K n , x, \rr\ k )) = B(K n , g(x), \ir\ k ) for each B(K n , x, \n\ k ) C M, since g is the 
isometry. Consequently, 

(2) / o g(B(K n , x, \n\ k )) = f(B(K", g(x), |vr| fc )) = B{K n , f(g(x)), \n\ k ) and 
g-\B(K n ,x, |vr| fc ) = B(K n , g~ x {x), \n\ k ) for each f,g G G s . 

Therefore, g and n k generate the natural mapping k g : Mk — > M k such that it is bijective 
and epimorphic, since rc^iz) = B(K n ,x, \7c\ k ) for each z E 7r fc (_B(K n ,0, 1)), and 

(3) B(K n ,x, |vr| fc ) = x + B(K n ,0, \n\ k ), where x G 5(K n ,0,l) is such that vr fc (x) = z, 
irl(g(x)) = kd(z) := 7Ck ° g ° vr^T 1 (^r) for each z G Mk- Thus due to Equations (1 — 3) there 
exists the discrete group irl(G s ) =: kG s and tt[( iG s ) = fcC s for each / > k, where n l k are 
mappings of the inverse system such that n l k o n l = n k such that ii l k and n h n k are algebraic 
homomorphisms, 7T l k are written without star for simplicity of notation. As in Theorem 6 
it gives the inverse sequence of discrete groups S — { iG s , ir l k , A q }. In view of Lemma 2.5.9 
[TT] if {(p, f a '} is a mapping of an inverse system S = {X a , ir°, ^} into an inverse system 
S' = {Ye', 7tp, , iff'} and all mappings f a > are injective, then the limit mapping / = lim{0, f a i} 
is also injective. If moreover, all f a > are surjective, then / is also surjective. 

Each discrete topological group is complete relative to its left uniformity generated by 
its topology. Thus, the limit \imS of the inverse system of discrete groups is the Tychonoff 
topological group relative to the projective weak topology inherited from the product Ty- 
chonoff topology t w , G C limS* C I\i & A q iG s - Moreover, limS* =: G™ is the complete uniform 
space with the left uniformity T w generated by the left shifts and the neighborhood base of 
e in G™, since each k G s is complete (see Theorems 2.5.13, 8.3.6 and 8.3.9 [H]). We have 
that algebraically G s C G%, G s is the topological group relative to the topology inherited 
from G™. In view of Theorem 7 the t w \c s topology is incomparable with the uniformly 
bounded continuous topology. 

9. Corollary. Let Diff^(M) be the group as in Theorem 8. Then Diff^(M) has the 
non-archimedean completion which is the topological group. 

Proof. Let G s be the subgroup as in Theorem 8, then G s is clopen in Dif f£(M). There 
exists a family gj G Diff"(M) such that \Jje^9jG s = Dif f"(M), where iff is a set. We 
have that gG s is clopen in Diff°(M) for each g G Diff«(M), since L g : Dif ft (M) -> 
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Diffb(M) is the homeomorphism, where L g (h) = gh for each g,h G Dif f b a (M). Then 
n QiG s = gj(G s n gj l giG s ). Let = z'd and g 6 ^ id for each j ^ j . 

The group Difff(M) is metrizable, since C b a (M,K n ) C Cf?(B(K n , 0, 1), K n ) is metriz- 
able, hence it is paracompact. Each two balls in C"(M, K n ) either are disjoint or coincide, 
since it is the normed space. We have that Diff b 0l (M) is contained in C°(M, K n ) and at the 
same time Difff(M) is the neighborhood of id in C£(M, K"), B(C£(M, K n ), id, \n\ s ) = G s 
for s > 1 and 1< t, a 6 {i, [£]}. Therefore choose \& such that gjG s D <7iG s = for each 
z 7^ j G hence <7i~ <7j ^ f° r eacn * 3- 

The minimal group gr(\Jj e ^, gjG s ) = Diff^(M) and it is contained in the minimal alge- 
braic group <?r(Uj- e * 9jG™) —■ G w . Supply the latter group with the uniformity T w induced 
from the base of neighborhoods of e in G™ with the help of left shifts. Then the restriction 
of T w on G™ coincides with that of T w in Theorem 8. Since G™ is clopen in G w and G™ is 
complete, then for each Cauchy net {h q : q G u} in G w , where v is an ordered set, there 
exists go such that for each q,l > q there is the inclusion h~ x h\ G G™, hence {h~^hi : I > q } 
converges in G™ to some g s G G™, since Gf is complete, consequently, {h q : g G u} converges 
in G w to h qo g s G and inevitably G w is complete (see also Theorem 8.3.20 [llj). This G w 
is the desired non-archimedean completion. 

4 Example of the group of diffeomorphisms. 

This section contains the example of the group of diffeomorphisms. It illustrates the general 
theory. For the group of diffeomorphisms of Z p of class C*, where < t < oo, formulas for 
expansion coefficients in the Mahler base of compositions g o f and inverse elements / _1 of 
diffeomorphisms / and g are found. 

Let C l be a class of smoothness of functions / : M — > K as in §1 (see also [T1 I391I2T1I22] ). 
where M is a Banach manifold over a complete (as an uniform space) non-Archimedean 
infinite field K with non-trivial valuation and of zero characteristic char{K) = 0. Suppose 
that Lf)f(x) := f(x + b) is a shift operator, Abf(x) := (Lb — I)f(x) is a difference operator, 
L° = I, A = /, L := L 1; A := A l5 where x, b G K. For a product of two functions 
/, g : K — > K there are formulas: 

(1) A[f(x)g(x)\ = (Af)(x)(Lg)(x) + f(x)(Ag)(x) and 

(2) LA = AL. Therefore, 

A k [f(x)g(x)] = £* =0 (?)[A j f{x)]]J[A k -'g(x)] for each k G N, consequently, 

(3) A ; '/| !./•).../„(./•) = E fel+ ... +fcn=fe (A:!/(A; 1 !...A ;n !))[A^/ 1 (x)]L fc 1 [A fc V2(x)]^... 
[A fc ™- 1 / n „i(a;)]L fc "- 1 [A k ™f n (x)], where L h ^> acts on all functions situated on the right from it. 
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If / G C*(Z p , Qp), then there is its expansion in the Mahler base {^J as a series: 

(4) /(x) = V; u / ; (;). where /, G Q p , 

(5) lim^oo \fj\j* = for < t < oo and 

( 6 ) /j = [A j f(x)] \ x=0 , since 

(7) AQ = QfJ for each j G N, Q = 1 and (*) := for each > m G Z (see §52 [39], 
[35] and [22]). Therefore, 

(8) (g°f)k = E n 9nA k (^° n fm ^)\ x = . Since 

(9) Q = x (x - l)...(x - n + l)/n!, then 

(10) A fc (ra) =£ fcl+ ... +fcn= ^ 
n + 2)]L fc - 1 [A fc "(( / ^ ) ) -n + l)]/n\, where 

(11) A fe (^) =m- 1 Eto(f)[A^~'(S) -5 l>0 (m-l)). Since 

(12) AL fe -7(x)|, =0 = E» = o/ m A'(t1l-o = then 



fflV^yi- V (k\(k-W\Jk- h -...-i 



(13)A fe U =0 =(n!)- 1 £ 



n-2 



m =o V m_ 'V m=0 \ m-h J 



oo 



m=0 \ 

so that it is necessary to evaluate coefficients 



E/«M 1 7 11 1 ) _ ^ n _l,0]/i„) 



(14) Ojft...,™, := E 

;-! + .. .+/ n _i=fc-m„ 



"Ar\ //c — ZA fk — li - ... - Z n _ 2 \ ( k-h 
Ji)\ h l"\ l n -i )\mi-li 



fk-h-l 2 \ fk - h - ... - Z n _A 
\ m 2 -h )"\ m n _i-/ n _i /' 

There are identities: 

(?) = (— 1 )'C~7~ 1 )' 

(16) (1 + x) e (l + (1 + x) a ) h = £ Q ( a T) xd ' such that for e = 6 and a = -1 this gives 



E 



.mi - / J \ m 2 , 



m2 , since 



E(l llfJl =J2b\/[(m-l)\(b-m + l)H\}. 



i \ m ~ l J\b i 
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General expressions are too complicated, but it is suffucient to construct a generating func- 
tion for these coefficients: 



(18) yT 1 ■■■yn-2 2 yn-i 1+mn (x 1 y 2 .-y n + (yi + z 2 ) (x 2 y 3 ...y n - 1 + (2/2 + z 3 )(x 3 y 4 ...y n -i+ 

{yz + z 4 )(x 4 y5-~yn-i + ■■■))--) k = 
yr-yn-2 2 yn-i 1+mn E (fj (xiy 2 ...y n -i) h (yi + z 2 f- h {x 2 y 3 ...y n ^ + (y 2 + z 3 ){x 3 y 4 ...y n , • 

(2/3 + z 4 )(x 4 y 5 ...y n _ 1 ... + (x n _i + y n ~i)~-) k ~ h = 

yT-yn-2 2 C-T 1+m " j E (*) (* I y (* I h ) (xm.-.y^yt^zr 11 

{x 2 y 3 ...y n ^) h {y 2 + z 3 ) k - h ~ h (x 3 y 3 ...y n ^ + (1/3 + ...)-)^ 1 ^ 2 = 

4 l '''(X2y 3 ^yn- 1 ) h V2 +m '' , '^ h (x m ^y n _ 1 + (jfe + Z 4 (Z4</5...</„-l + ...)...)*~''~' 2 = 

In this series coefficients in front of x^x™ 2 ■■■x™"{ 1 {yi...y n -i) k are equal to ^"... m , where 
= for each j = 1, ...,n — 1, X, and yj are variables. Therefore, the generating function 
has the form: 

(19) yT'-yn-^yn-i^^m-yn + {xi + yi )(x 2 y 3 ...y n ^ + (x 2 + y 2 )(x 3 y 4 ...y n ^ + 

(x 3 + y 3 ){x 4 y 5 ...y n -i~- + (x n -i + y n ~i)---) k = 



L,---,l 

mi,...,ra„-i 



1 mi, ? i,...,m„_i,q n _i x l x 2 -^-1 

mi,gi,...,m„_i,g„_i 

fe+mi-<ji fc+rrt n _2-<Jn-2 Hm»-rfc-i+m„ 

yi ■■■y n -2 i/n-i ) 

where coefficients Yj^™ n j are gi ven by Equation (18). 
In particular id = f~ l o / and A k id(x)\ x= o = Sk,i, hence 

(21) 5k,i = Y^=o(^-)~ 1 (f~ 1 )nQ k ' n (f), where coefficients Q k ' n are given by Equations 
(8,13,14,19), that is 

(22)q^(/)= e E >..-/«.... , 

mi,...,m n i 1 <...<i n _ p ;p 

k — li — ... — l s -i\ 



II Us - n 

(j s e(i,-,n)\{ii,...,i n -p};ji<j2<-;lj 1 =0,...,l jp _ 1 =0) 



m R 
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For analytic functions there are equalities: 



71-1 



(23) AV=E^]A 



fc— l x h 



-1 h-1 ifc-i-1 /_,\ // \ // \ 



EE-- E 7 7 •- 7 A consequently, 
z 1= oz 2 =o i k =o V 1 / V 2 / \ ik > 

(24) (A'**)^, = £E"- , E 1 fr)f{ I )-"fM = :T »" 
z 1= oz 2 =o z fe _ 1= o \'a/ V'fc-i/ 



On the other hand, 

(25) (*) = (m!)- 1 YT=o ^(-1)^(1, - , m - 1) = 
J2iS m ,ix l , where 

(26) a7,(zi,...,£ m ) := Ei 1 <i 2 <...<i ! ^i--^, consequently, 

(27) £z S m> iTij = 6 m j and 

(28) J2iT m ,i£>i,j = ^mj- Then for analytic g and /: 

(29) ^f(x) = E m flm(3)i m and 

(30) (gof)(x)= £ a m (^)[mI/(i 1 !...I Bl !)]ot(/)...at(/)]x", 

where in the last series kilt + ... + k m l m — n, l\ + ... + i m = m, < /j, kj G Z. 

For estimations of f2^™ ... mn fmi---fm n ^ can be used 

(31) | (J) \ p = p -m+Hi)+Hk-c) 5 where 

(32) A(n) = (n — s n )/{p — 1), n = a + aip + ... + OjP 7 ', s ra := a + ai + ... + a,, where 
a; G {0, 1, ...,p — 1}, A(g) + X(k — q) — \(k) = (s k — s q — s k - q )/(p — 1) (see also §25 in [39] 
and [35]). 



5 One-parameter subgroups of diffeomorphism groups. 

1. Theorem. If M is a compact manifold over a locally compact field K of character- 
istic char(K) = p > 1, 1 < t G N, a G {£,[£]}, then there exists a clopen subgroup W 
in Dif f a (M) such that each element g G W lies on a local one-parameter subgroup g x 
continuous by x relative to the multiplicative group (K*, x) with x G K*. 

Proof. Since M is compact, then M is finite dimensional dim-^M = n over K and the 
manifold M can be supplied with a finite disjoint analytic atlas, that is, with disjoint clopen 
charts a finite union of which covers M. Therefore, there exists a natural C a embedding of 
M into K n as the clopen subset. As it was proved above Diff a (M) is mertizable with the 
left-invariant metric p a . Choose k G N and the clopen subgroup W := {g G Dif f a (M) : 
p a (g,id) < \n\ k °} such that g EW implies \\g — id\\c<*(M,K") < \n\ k °- 
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Consider x G B(K, 1, |vr| s ), where 1 < s G N, then |x| = 1, since \x — 1| < |7r| s and due 
to the ultrametric inequality. If g G W, then for the proving of this theorem it is necessary 
to find a one-parameter local subgroup {g x : x G B(K, 1, |7r| s )} satisfying Conditions (1 — 3): 

(1) g 1 = id- 

(2) g Xl g X2 = g XlX2 for each Xi, x 2 G B(K, 1, |7r| s ); 

(3) g x ° = g for some x G B(K, 1, \tt\ s ). 

Each g G Diff a (M) has the form g = (gi, ...,g n ), where gj : M — > K for each j G {1, ...,n}. 
Since M is embedded as the compact subset in K n , then its covering by balls B(K n , x,r) C M 
has a finite subcovering {B(K n , Xj, rf) : j = 1, ...,m}, where x G M, < r j < oo, m G N, 
consequently, min :;= i v .. im j-j = r > 0. 

If g 211 and f X2 are two commuting local one-parameter subgroups for each Xi,x% G 
B(K, 1, |7r| s ) in Dif / a (M), then g^/ 1 ' =: (fi 1 /) 1 is a local one-parameter subgroup in Dif f a (M) 7 
since (gf) Xl (gf) X2 = (g Xl f Xl )(g X2 f X2 ) = g Xl g x2 f Xl f X2 = g x ^ X2 f x ^ X2 = (gf) XlX2 for each 
x±,X2 G B(K,1,\it\ s ), also g 1 = f 1 = e = id. For example, if supp(g x ) C A and 
supp(f x ) C C for each x G -B(K, 1, |vr| s ) such that A R C = 0, where A and C are 
closed subsets in M, supp(g) := cIm{v G M : 7^ y}, djvr(F) denotes the closure 

of a subset V in M, then g Xl f X2 = f X2 g Xl for each Xi 7^ x 2 G -B(K, 1, |7r| s ). On the 
other hand, each g G Diff a (M) can be decomposed into the product g = hi...h m , where 
supp(hj) C B(K n , Xj, rj) for each j = 1, m. Therefore, the proof of this theorem reduces 
to the case Diff a (B), where B is a clopen compact ball in K n , since W decomposes into 
the internal direct product of its subgroups Wj := {g G W : supp(g) C B(K n , Xj, rj)} and 
Wj has the natural embedding into Dif f a (B(K. n ,Xj,rj)) for each j = 1, ...,m. For g = id 
put id 1 = id for each x G -B(K, 1, \^\ s )- Therefore, due to Equations 3.8(1, 2) it remains the 
case of g 7^ id in W, consequently, x 7^ 1 for such 

In accordance with Lemma 7.6 [H] if K is a field and G is a finite subgroup of the 
multiplicative group of nonzero elements of K, then G is a cyclic group. Then by Theorem 
7.b the multiplicative group of nonzero elements of a finite field is cyclic. In view of the 
Wedderburn Theorem 7.c a finite division ring is necessarily a commutative field [15]. The 
field K is isomorphic with F p u(9), where F p « is the finite field consisting of p u elements, 
u G N. The finite field F p u is the splitting field of the polynomial x pU — x. Thus x '■ 
K* — ► K* is a continuous multiplicative character, where K* = K \ {0}, if and only if it 
can be written in the form x( x ) = where and ip are continuous multiplicative 

characters such that d> : F* is some homomorphism of the multiplicative group 

of F p u and (f)(6) = 0, ip(6) = 9 k for some nonnegative integer k and the restriction of i/j 
on F p u is the identity mapping, since there exists the natural embedding of F p u into K. 
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Therefore, |%(#)| = \9\ k . Denote by Q the family of all continuous multiplicative characters 
X '■ K* — > K*. In particular, Xi( x ) — 1 an d Xid( x ) = £ for each in x E K* are the trivial 
character and the identity character respectively. 

If g x is a local one-parameter subgroup in Dif /*(M), then g x(x ) is also a local one- 
parameter subgroup in Dif f a (M). If g x ° = g, then g z = g for each x( z ) — x o with 
since = 1- Therefore, if x E -B(K, 1, |7r| s ) is a marked point, then it is sufficient to 
satisfy Condition (3) for some x G V s := {x _1 (xo) : x G fi} fl £>(K, 1, |7r| s ), where Xq ^ 1 
and x 1 for ^ 1. Thus, if each /ij 7^ id in has x (hj) G V,, then the desired local 
one-parameter subgroup g x will be found for id 7^ g = hi...h m G Take, for example, 
x = 1 + # s . 

We say that a family A of functions / : X — > K separate points of X if for each x ^ y E X 
there exists f E A such that /(x) 7^ /(?/)• If G is a cyclic group of order fc and a G G is such 
that {1, a, a 2 , a^" 1 } = G and m is a natural number mutually prime with k, (m,k) = 1, 
then ( : G — > G such that C(°0 = a ' m f° r eacri ^ = 0> ^ — 1 is the automorphism of G, in 
particular, for k = p w — 1. Since the multiplicative group G = F* u is cyclic, then the family 
of all separate points of G, hence the family f2 of all continuous multiplicative characters 
X of K* separate points of K*. 

In view of the Kaplansky theorem a subalgebra A of C°(X, K) containing all constant 
functions and separating points of a locally compact totally disconnected Hausdorff space X 
is dense in C°(X,K) [T8| 15]. From [1] it follows, that G°(M, K n ) has the polynomial basis 
{Qm(y)ei ■ rh G N n , % = 1, n} with JV = {0, 1, 2, ...} and e { = (0, 0, 1, 0, ...) G K n with 
1 on the i-th place. 

In view of the proof above up to the affine G°° diffeomorphism it is sufficient to consider 
W for Diff t (B), where B = B(K. n , 0, 1). We seek a solution in the form 

(4) g?(y) = y j + Z? =1 b j , k (y,x) 

for each j = 1, n with the converging series of functions bj t k(y, x) : M x B(K, l,\n\ s ) —> K 
of class G* by y G M and continuous by a; G -B(K, 1, |7r| s ) for each j = 1, ...,n such that 

||&i,*||c*(B,K) < W\ ko and l™*- > oonua J -=i i ... in ||6 J - )A ||c«(B,K) = 0, where g = {g u ...,g n ). Each 
function bj t k(y,x) has the decomposition 

(5) bj t k{y,x) = Xj,k(x)J2m£N n c j,k,mQfh(y), 

where Xj,k( x ) E y E B, x E B(K, 1, |tt| s ), Cj^,^ G K. Without loss of generality we can 
suppose that |Xj,fe(x)| < 1 on B(K, 1, |7r| s ) for each j, k, m, since B is the unit ball and s > 1. 
The convergence of Series (4) is equivalent to: 

(6) linife+imi-^oo maxj = i v .. jn \\c jik ,mQm(y)\\c™(M,K)\\XjA x )\\c°(B(K,i,\n\s),-K) = 0, 

where \m\ := m 1 + ... + m n , m = (mi, m n ). Then Condition (1) is equivalent to 
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J2kLi c j,k,m = for each m and j, while Condition (3) is equivalent to J2m c j,mQm(y) = 
9j{y)-Vj with c jifh := £j*Li c j>kiffl Xj,k{ x o) > since Xj.fcC 1 ) = 1, {<5m(y) : m G N n } are linearly 
independent over K. 

Consider two monotone increasing sequences {s v G N : v G N} and {qv, G N : t> G N} 
such that q v > s v for each v. For each g > / G N there exists the quotient algebraic homomor- 
phism of rings 7if : 5(K, 0, 1)/B(K, 0, |tt| 9 ) -> B(K, 0, 1)/S(K, 0, H') and 7r g : _B(K, 0, 1) -> 
£>(K, 0, 1)/B(K, 0, | vr | <3 ') such that 7if o 7r ? = 7r;. These algebraic homomorphisms induce 
natural homomorphisms of functions in the same notation such that TT*(g) =: q g, where 
q g G Hom(M q ), M q = n q (M) is a finite set, g G W C Diff t (B), q g : M q -> M 9 is a bijec- 
tive surjective mapping of M g onto M g (see Formulas 3.2(4—7)). Then also 7r St) (i?(K*, 1, |7r| s )) 
is the finite set for s v > s. For s v > 1 we have that tt Sv (K.) is the discrete commutative ring 
(see §3.1). If x G K and |x| = 1, then = 1. The multiplicative norm in K induces 

the norm in 7r a „(K). If \x - 1| < 1, then a;" 1 = (1 + (x - l))" 1 = 1 + £z=i(l - a;)', thus 
7r a „(a;) has the inverse in 7r a „(.B(K, 1, | vr | ^ ) ) , when |x— 1| < |7r| s , s > 1, since ir Sv ((x — l) 1 ) = 
for Is > s v . Then 1 G 7r s „(S(K, 1, |7r| s ) and tt Sv (xix 2 ) = n Sv (xi)7r Sv (x 2 ) G 7r a „(JB(K, 1, |7r| s )) 
for each X\,x 2 G B(K, 1, |tt| s ), since |xix 2 — 1| < max(|xi — l||x 2 |,|x2 — 1|) < |7r| s and 
\x 2 \ = 1. Thus, S(F P «, 1, |7r| s ) for a natural number s > 1 is the multiplicative commutative 
group and B(F p u, 1, |7r| Sl )/£>(Fp U , 1, \rr\ S2 ) for each natural numbers 1 < Si < s 2 is the finite 
multiplicative commutative quotient group. 

If g G W and k > 1, then |#(y) - j/| < ||# - < H*°|l/| and \g{y x ) - g(y 2 )\ < 

\\9\W\yi ~y%\ and \9~\Vi) -9~\V2)\ < Wg^WcAyi-y^l since t > 1, consequently, g is the 
isometry, that is, \g(y) \ = \y\ for each y G M. 

For given s and si choose k and g x > s x such that for each g G PF we have qi g = id 
on M 9l . Then for a given g £ W there exists the algebraic homomorphism 771 from 
7r Sl (£>(K, 1, |7r| s )) into ir qi (W) satisfying Conditions (1 — 3) with 7r Sl (a;o) instead of Xq. 
Each g G W and each x G K is the projective limit of the inverse sequences g = pr — 
lim{ qv g, 7r|", A 91 } and x = pr — lim{ Si; x, 7r|", N}, since sequences and {s^} are cofinal 
with N, where v > I G N (see also §2.5 [H]). For example, we can take s v+ i = s v + 1 for 
each v G N. Consider then 7r^ +1 ( = qv g. Each ^5 G Hom(M qv ) is the ele- 

ment of the symmetric group Sb v , where b v is the cardinality of the finite set 7T qv (M) = M qv 
(see also Theorem 3.6 above). Thus, qv g has a decomposition into a product of noninter- 
secting finite cycles. If y v G M qv , then the cardinality of each (7r^ +1 ) _1 (^) * s ^ ne same f° r 
each y v G M gu . The homomorphism qv+1 g on each subset (^ +1 )~ 1 (yv) acts as the isome- 
try. Then each cycle of Qv g splits into the product of cycles or becomes a cycle of greater 
length for qv+1 g. Moreover, qv+1 g is the product of two homomorphisms h and /, where 
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= Kr 1 )" 1 ^) for each y v E M qv and vr^+ 1 (/) = 7r£ (id) is the identity on 
tt 9u (M), while = h(y v+1>0 ) + {z v+1 - y v+ i, ) with a marked y v+1>0 E (rf^y 1 (y v ) and 

for each z v+1 E (tt^+ 1 )- 1 (^). 

If a E and a is a cycle of length u, then its algebraic order is w, that is, the cyclic group 
{a a : a E N} is of order u. On the step v there is the commutative local subgroup gv g Xv = 
fj v (x v ) for each x v E tt Sv (B(K, 1, |7r| s )). Therefore, on the v + l-th step choose q v+ i sufficiently 
large such that a number of nonintersecting cycles a Vj j or their length are sufficiently large 
in the sense that a commutative subgroup of n qv+1 (W) generated by finite products of cr^-, 
bj E N, is of sufficiently large order that to provide the algebraic homomorphism T] v+ x from 
ii Sv+1 (B(K, 1, |7r| s )) into 7fq v+1 (W) satisfying Conditions (1 — 3) with TT qv+1 (xo) instead of xo 
and vr^+^+i) = r] v . 

In accordance with Lemma 2.5.10 [TT] if {4>, fj<} is a mapping of an inverse system 
S = {Xj, 7r/,\l/} into an inverse system 5" = {Yj^Trj, ,^'} and all fj> are homeomorphisms, 
then the limit mapping / = pr — lim{0, fjr} is also the homeomorphism of X = pr — limS 
onto Y = pr — lim S', where : — > ^ is a nondecreasing function, ^' and \l/ are directed 
sets. 

Using the same notation which can not cause a confusion we mention the following. 
Each this induction step gives the corresponding solution of (4 — 6) with T) v (ir Bv (x)) E 
Kq v ( B ( K i !> M*)) and n qv (y) and n qv (c jAm ) , ^(Qm(2/)) and 7r Sv (xj,k( x )) e *<h( B ( K i Kl")) 
instead of x, y, c jAm , Q m {y) and Xj,k{ x ) respectively If / E C fe Q (M, K n ) and ||/-id||c«(M,K>) < 
1, then / E Dif f a (M). We say that a subset A in M is an e-net, if for each y E M there 
exists z E A such that \z — y\ < e, where < e < oo. We have lim^oo \tt\ v = and 
representatives of M qv in M form a p v net for suitable subsequence q v , which is denoted by 
the same notation, where < p < 1 is a constant and p is a parameter characterizing a net 
A qv corresponding to {Q m '■ fh E N n } for rrij < q v for each j = 1, ...,n, where each z E A Qv 
is a zero of Q m as soon as rrij > rrijfi for some j = 1, ...,n, where rfi := (m^o, ...,m ni o) cor- 
responds to z. On the other hand, \Xj,k,m(x)\ < 1 on B(K, 1, |7r| s ) for each j, k, m, moreover, 
x = 1 + 6> S , \xq\ = 1. Then the corresponding to it series converges, since qv g r,v ^ E tt* v (W) 
for each x v E ir Sv (B(K, 1, \n\ s )) and W is complete relative to the C£ uniformity. Thus, the 
inverse sequence of ^g^^^i^)) converges to a local multiplicative continuous one-parameter 
subgroup g x {y) E W relative to the x C° uniformity which is C£ by y E M and C° by 
x E B(K, 1, |tt| s ). 

2. Theorem. If M is a manifold on the Banach space X := co(7x,K) with a finite 
atlas and charts with bounded <j>j(Uj) in X for each j E Am, where char(K) = p > 1, then 
in Dif /"(M) in each neighborhood of id there are g ^ id which does not belong to any 
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non-trivial one-parameter subgroup g y relative to the additive group (K, +). Moreover, if M 
is embedded into X and 

(?) (h — h o g~ l ), (h — h o g~ v ) o g 2 ,...,{h — ho g^ 1 ) o g p ~ x are K-linearly independent 
and g ^ id, where h := g — id, then g does not belong to any one-parameter subgroup 
{gy-.ye (K,+)}. 

Proof. From the conditions of this theorem it follows, that M has a C* embedding as 
an open bounded subset in X . In view of Theorem 2.9 the group Diff^(M) is metrizable. 
Since Diff^(M) is everywhere dense in Diff^(M) for each (3 > a, then it is sufficient to 
consider the case t > 1, a G {t, [t]}. If g G Dif /"(M), then up to a diffeomorphism of 
manifolds g\ v G Diffj?(U) for any [/ open in M, since g:U —> g{U) C M. Let U C M be a 
clopen bounded subset such that U C C/j for some j G Am, # G Diff^(M) and supp(g) C £/, 
then #|t/ G Difff(U). Take in particular C/ := ^(.Bpf, 0, |vr|)), where n G K, < |tt| < 1. 
Thus, if prove theorem for U = B(X, 0, |7r|), then it will be also true for Dif /"(M). 

Consider in Dif f£{U) a left-invariant metric //* (see Theorem 2.9). Take id 7^ g G : = 
{/ G Diff?(U) : p a (/,e) < |tt|}, then </ = id+h, where 

< ll^llc°(i/,x) < |tt|- If we consider 
p™ as the element of K, where n G N := {1, 2, ...}, then p n = G K, since c/iar(K) = p. So 
we need to have g p " = g° = id on U, where g 1 = g, g k+1 = g k g 1 ,...,g p " = g pn ~ x g x . Consider 
(1 + a ) k = Ei =0 C)a s , where a G K, then (1 + a) p " = 1 + a p " and inevitably |(1 + a) p "\ = 
1 1 + a p " I , since each binomial coefficient ^ ) is divisible on p for each 1 < I < p n — 1 and 
hence ^ ) is equal to zero in K. Then (xj + ax') o (xj + ax') = Xj + ax' + a X^ s =o Q)^i + ^ _1 ^a s 

2 

and so on. In particular, (xj + axf) o (xj + ax P ) = Xj + 2ax P + xf a p+1 for I = p and so on. 
This shows, that elements of the form g(x) = id{x) + ax\ti with a ^ and 1 < I G N can 
not lie on any one-parameter subgroups, since g p 7^ id. 

Demonstrate in general for M embedded into X, that each id 7^ g G W satisfying 
Condition (i) does not belong to any one-parameter subgroup. On the other hand, g 2 (x) = 
g o g[x) — ido (id + h) (x) + h o (id + /i)(x) = g(x) + h o g(x), g n (x) = g" 1 " 1 ^) + ho g n ~ l (x), 
consequently, p a (g n ,g n ~ l ) = p a (g 2 ,g) < M for each n G N and \\h o g n ~ l \\c^ < |vr|. Then 
by induction g n (x) = g(x) + h o g(x) + ... + /i o <7 n_1 (x) for each n > 2, hence p a (g n , g) < |/t|. 
Then |/i(y) — /i(x)| < ||/i||c a (f/,x)|^ — y| for each x, y G £/, in particular, for y = g(x), 
where y — x = g(x) — x = /i(x), hence \ho g(x) — h(x)\ < \\h\\c a (u,x)\h(x)\ < \n\ 2 . Therefore, 
\g n (x)-g(x)-(n-l)h(x)\ < \\h\\c%(u,x)\h{x)\ for each x G U, where \h(x)\ < \\h\\ c «(u,x)\x\ < 
1 7r| I x j, consequently, \g n (x) — g(x) — (n—l)h(x)\ < {^h)\c%(u,x)) 2 \x\ < KPM- Thus |g pfc (x) — 
id(x)| < (||/i||c*°(i/,x)) 2 M, since \p k h(x)\ = 0. Suppose that g pk = id for each k G N, then 
= £P(a;) - id(x) = g p (x) - g(x) - (p - l)/i(x) = /i(x) +fto g(x) +... + /10 ^ p_1 (x) = 
(/i o g(x) — h(x)) + ... + (h o g p ~ l (x) — h(x)) = h(x) +p{h o (? 1 (x) — h(x)) + (p — l)(ho g 2 (x) — 
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h o g(x)) + ... + 3(/i o g p - 2 (x) -ho g p ~ 3 (x)) + 2(h o ^(x) -ho g p ~ 2 (x)) -ho g^^x), since 
ph(x) = and o g — h)(x) =0 identically and g p ~ l (x) = g~ l (x). Therefore, it would be 
= \h(x) — ho <7 -1 (x)| on U, since Condition (i) is supposed to be satisfied, that leads to 
the contradiction, since h ^ 0, g ^ id, h o g ^ h. Thus g p (x) ^ id(x) for each id ^ g G W 
satisfying Condition (i), consequently, g does not belong to any one-parameter subgroup 

{gy-. y e(K,+)}. 

2.1. Remark. On the other hand, if M D B(K n ,xo,r), then g y (x) := x + yz for 
x G £>(K n ,x ,r) and g y (x) := x for x G M \ S(K n ,x ,r) is the non-trivial one-parameter 
subgroup for a marked z G B(K. n , 0, r), where ?/ G -B(K, 0, 1), < r, x G M. Therefore, for 
each neighborhood W of id there exists 7^ z G i?(K n , 0, r) such that id g E W . 

6 Topological perfect ness of diffeomorphism groups. 

1. Definition. A group G is called algebraically perfect, if its commutator group [G, G] 
coincides with G, where [G, G] is the minimal group generated by all commutators [f,g] := 
f^g^fg, f,g G G. A group G is called algebraically simple, if it does not contain any 
normal subgroup other than {e} and G. A topological group G is called topologically perfect 
if cIq[G, G] = G, G is called topologically simple if it does not contain any closed normal 
subgroup other than {e} or G, where cIqV denotes the closure of a subset V in G. 

2. Remark. It is well known that the symmetric group S n is perfect for n 7^ 2 and 
but it is not simple for n > 3, since the subgroup A n consisting of even permutations 

is its normal subgroup different from {e} and S n [19]. Below the topological perfectness and 
simplicity of the diffeomorphism group Diff a (M) is considered relative to its C a topology. 

3. Theorem. Let M be a compact manifold, t > 0, a G {£,[£]}. Then Diff a (M) 
supplied with the C a compact-open topology is topologically perfect. 

Proof. In view of Theorem 3.6 above and Theorem 2.5 |24| the diffeomorphism group 
Diff a (M) algebraically is the projective limit of an inverse sequence S = {G q ,7T^,N} of 
finite groups G q , where G q is isomorphic with the symmetric group Sb with b = card(M q ), 
M q = 7T q (M). There exists q G N such that for each q > q the cardinality of M q is greater 
than 6, consequently, G q is perfect for each q > q , since S& is perfect with b = card(M q ) by 
the Holder Theorem 5.3.1 [H]. Each element h G Diff t (M) is decomposable into the thread 
{/i 9 ,7rf,N}. Every h q is decomposable as a finite product of commutators in G q for q > go- 
Therefore, the commutator group [G, G] is dense in G (see also Theorem 3.7 above), since 
the projective limit of a thread of products of commutators is the product of commutators, 
where G = Dtff a (M). 
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4. Corollary. Let M be a locally compact manifold, t > 0, a E {t, [t]}. Then the 
diffeomorphism group Dif f a (M) and the group Diff"(M) of all C a diffeomorphisms with 
compact supports supplied with the C a compact-open topology are topologically simple. 

Proof. The group Dif f^(M) is everywhere dense in Dif f a (M). Therefore, it is suffi- 
cient to prove this corollary for Dif /°(M). 

The group G = Diff^(M) satisfies the Epstein system of axioms. Let X be a paracom- 
pact Hausdorff topological space, G a group of homeomorphisms of X, and IA a basis of open 
sets for the topology of X. The Epstein axioms are the following: 

(El) if U E U and g E G, then gU E U; 

(E2) G acts transitively on IA; 

(E3) let g E G, U E IA and B be an open cover of X , then there exist m E N and 
9i, •••) 9m £ G and V\, V m E B such that: 

(i) = 9m9m-l--9u 

(ii) supp(gi) C V*; 

(m) supp(gi) U (gi-\...gicl{U)) ^ X for each i : 1 < i < n. 

The manifold M has an C a embedding # as the clopen subset into either K n or a direct 
topological sum of copies of K n such that 9(M) is a disjoint union of clopen balls, since M 
is totally disconnected and has a base of topology consisting of clopen compact subsets in 
M. As U take a system of all clopen proper subsets U in M for which there exists g E G 
such that 9(gU) is a ball of finite positive radius in K n . Since M is totally disconnected and 
modelled on K n as the manifold, then IA forms the base of the topology of M. 

In particular, for the diffeomorphism group G = Diff^(M) and the family U of M = X 
we have gU E U for each g E G, since g~ 1 (gU) = U and g : M — > M is the continuous 
bijective epimorphism together with g -1 . If {7 = M, then g(M) = M. A disjoint clopen 
covering C of 0(M) by balls form a C°° atlas (moreover, it is the analytic atlas) such that if 
f\u is of C a class for each U EC, then / is C a on 9(M). UU ElA and U ^ M, then M\U 
is a clopen nonvoid subset in M. Therefore, if U\ and C/ 2 are two clopen nonvoid subsets in 
IA different from M, then there exists g E G such that g(U\) = U 2 , since each two clopen 
balls in K n are analytically diffeomorphic. Thus axioms (El, E2) are satisfied. 

If g E G, then supp(g) := d{x E M : g(x) ^ x} is compact and for an open covering 
B of M there are V\, V m in B such that supp(g) C Vi U ... U V m . Suppose that U E IA 
and ci(U) ^ M, where cl(U) denotes the closure of U in M. Since U is clopen in M, then 
cZ(Z7) = U . The topological Tychonoff space M is totally disconnected and locally compact 
paracompact, since it is modelled on K™. In view of Theorem 6.2.9 [UJ it is strongly zero 
dimensional. Therefore, V\,...,V m has a refinement P\,...,P m consisting of clopen compact 
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subsets in M such that supp(g) C ?i U ... U P m , Take P := and Wi := P t Pj, 
then Wi, ...,W m is the disjoint clopen covering of supp(g), where Wi C Pi C Vi for each 
z = l,...,m. Therefore, g(Wi),...,g(W m ) is the clopen disjoint covering of g(supp(g)). Each 
9(Wi) is a finite union of clopen balls B it j in K n . Then put g m \w m = g\w m an d <7m|Af\w m = id, 

0m-l|w m _i = ^m^lWm-a and SW-l |m\TV ot _i = id, 9i\w t = 9i+l-9m9\wt and ftUw = id for 

each z = 1, m — 2, hence Conditions (z, m) of (-E3) are satisfied. For each 1 < k < j < m 
there is the identity gj...g k \ Wk = gj...gk+igkli--9m9\w k = 9j+i--9m9\w h and g m ...g k \ Wk = 
g\ Wk for each 1 < k < m. Then g i ^ 1 ...g 1 (U) c(U\ (Wi U ... U W^)) U (g^.-.g^U n Wi) U 
gi-i...g2(W 2 nU)...Ug i ^i(UnW i -i)) and W / i U^_i...^ 1 (f/) ^ M for each C/ G U, since U ^ M 
and gf(Z7) 7^ M, consequently, Condition (iii) of (E3) is also satisfied. 

For each clopen compact V in M the group GV := {g E G : supp(g) C is topologically 
perfect by Theorem 3. Moreover, G = [jyGy, where the union is by all clopen compact 
subsets V in M. The group G is supplied with the C a compact-open topology. Therefore, 
G is topologically perfect. In view of the Epstein Theorem 2.2.1 and Corollary 2.2.2 [5] the 
commutator group [G, G] is topologically simple, since each [Gy, Gy] is topologically simple. 
On the other hand, [G, G] is dense in G, hence G is topologically simple. If M is locally 
compact and noncompact, then Diff^(M) is everywhere dense in Dif / Q (M), hence the 
latter group is topologically simple relative to its C a compact-open topology. 

5. Remark. If M is a compact manifold, t > 0, a G {t, [£]}, then Diff a (M) is not 
algebraically simple being the projective limit of groups due to Theorem 3.6. 

6. Theorem. Let M be a C a compact manifold, t > 0, a G {t, [t]}. Then each contin- 
uous automorphism of Dif f a (M) belongs to the group of homeomorphisms Hom(M, M) =: 
Hom(M). 

Proof. Let ip be a continuous automorphism of Diff a (M). In view of Theorem 
3.6 above or Theorem 2.5 [24] for each v G N, v > s, there exists the quotient map- 
ping n* : Diff a (M) — > S^, where S m is the symmetric group of the set {1, ...,m}, b v 
is the cardinality of the finite set M v = 7r v (M), ti* is induced by the quotient mapping 
n v : K — > K/J3(K, 0, \it\ v ) with the help of polynomial expansions by Formulas 3.2(4,5). 
Consider M embedded into K n . The set of diffeomorphisms / such that / — id is a 
piecewise affine on balls of the covering of M is contained in Dif f a (M), consequently, 
n*(Diff a (M)) = Sb v is the epimorphism. This also follows from Formulas 3.2(4 — 7). The 
automorphism ip induces the automorphism if) v of ir*(Dif f a (M)) such that 7r*(i^(g)) =: 

M<{g)), since then tt*(^W) = KiHg)^( h )) = ^WsOKM^)) = M<{g))M<( h )) 

for each g,h G Diff a (M). Consider v sufficiently large such that b v > 6. In view of 
the Holder Theorem 5.3.1 [19] the automorphism ip v is internal: ip v (a) = h v ah~ l for each 
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a E 7r*(Dif / a (M)), where h v E 7i*(Dif f a (M)) is a marked element. This defines the inverse 
sequence {h v , rf, A s } such that rf{h v ) = hi for each v > I E A s , where o n* = n* and 
itf : G v — > Gi are algebraic epimorphisms of discrete groups G v := n^Dif f a (M)) for each 
v > I E A s , 7if are written without star for simplicity of notation. Each ft^ : M„ — > is the 
homeomorphism and each tp v : G v — > G v is the homeomorphism. A limit of an inverse map- 
ping system of homeomorphic mappings is a homeomorphism by Proposition 2.5.10 [llj. 
Therefore, h = pr — lim{h v , irf, A s } is the element of Diff w (M) (see Theorems 3.6, 3.7 
above and Theorem 2.5 [24]), moreover, i])(g) = lim^^^g)^ 1 , irf , A s } = hgh~ x for each 
g E Diff a (M). On the other hand, Diff w (M) is algebraically isomorphic with Hom(M), 
hence h E Hom(M). 

7. Remark. Theorem 6 is not true for a locally compact noncompact manifold M 
for the group Dif f™(M) of compactly supported diffeomorphisms of Dif f a (M), since then 
Diff?(M) has the external automorphisms </> f (g) := fgf- 1 for / E Diff a (M)\Diff«(M), 
where g E Dif /"(M). Moreover, Dif f"(M) is the proper normal subgroup in Dif f a (M), 
but Diffc(M) for a locally compact noncompact manifold M is the proper non-closed 
subgroup everywhere dense in Dif f a (M). 

7 Projective decomposition of loop groups. 

1. Let as in §2.1 M and N be two compact manifolds over a locally compact non-archimedean 
infinite field K with a multiplicative non trivial norm relative to which K is complete as the 
uniform space and Diff^M) be a subgroup in Dif f a (M) of all elements ip E Diff a (M) 
such that ip(s ) = s , where s is a marked point in M, a E {t, [t]}. Denote by Cq(M,N) 
a subspace in C a (M,N) of all elements / E C a (M,N) such that lim| Cl |+... + | Cn |^ - 
w )(s ; h h h n ; Ci, Cn) = for a = t or lim| Cl | + ... + | Cn |_ +0 T v (f - w )(s [ q ] ) = for a = [t] 
for each v E {0,1,...,*}, where M = M \ s and w (M) = {y }, = (x [k] , ( k ) 

(see §2.6 [23] and Section 2 above). Geometric loop monoids Q a (M,N) and loop groups 
L a (M, N) for C a classes of mappings were constructed in [23]. The same construction is for 
char(K) = p > 0. 

Theorem. Let £l a (M,N) be a commutative loop monoid, then the quotient mappings 
ir k induce the corresponding inverse sequence {Q(M k , N k ) '■ k E N} such that fl w (M,N) : = 
pr — \im k Q(M k , N k ) is the commutative compact topological monoid, where 7r k : Q a (M, N) — > 
tt(M k , N k ), ir l k : Q(Mi, N[) — > Q(M k , N k ) are surjective mappings for each I > k, Q(M k , N k ) = 
{fk : fk € N^,f k 

(so,k) = Ho,k}/Ka,k, K a ,k ^ an equivalence relation induced by an equiv- 
alence relation K a . Moreover, Q W (M,N) is a compactification of Q a (M, N) relative to the 
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projective weak topology r w . 

Proof. In view of Corollary 3.3 ^(Cq (M, N)) is isomorphic with {fk : f k G Njjf h , f k {s 0tk ) = 
Vo,k}i where the quotient mapping is denoted by n k both for M and N, since it is induced 
by the same ring homomorphism n k : K — > K/£?(K,0, 1), So,fc := 7T k (so) and yo yk '■= n k (yo), 
where k > s = max(s(M), s(N)). Then n^Dif f${M)) is isomorphic with Hom (M k ) : = 
{ipk '■ 4>k G Hom(M k ),tp k (s 0jk ) = s ,fc}. All of this is also applicable with the correspond- 
ing changes to classes of smoothness C a (or C(a) in the notation of [23]), where a = t or 
a = [t] with substitution of <5 fc on T k in the latter case. If / and g are two ^-equivalent 
elements in Cq(M, N), that is, there are sequences /„ and g n in Cq(M,N) converging to 
/ and g respectively and also a sequence ip n G Diff^M) such that f n (x) = gui^n^x)) for 
each x G M, then n k (f n ) ='■ fn,k and g n , k := n k (g n ) converge to n k (f) and ^(p) respectively 
and also ip Utk := ^(i/'n) G Hom (M k ). From the equality f„, k (x(k)) = g n ,k(ipn,k{x(k))) for 
each n G N and x(k) G M fc it follows, that the equivalence relation K a induces the cor- 
responding equivalence relation K a}k in vt^(Cq (M, N)) such that classes < n k (f) >K,a,k of 
-ft'a.fe-equivalent elements are closed. Each element f k G t^%{Cq (M, N)) is characterized by 
the equality /fc(so.fc) — 2/o,fc- This induces the quotient mapping -K* k : fl a (M, N) — > 0(M fc , A^) 
and surjective mappings 7r[ : VL(M h N{) — > fi(M fc , iV fc ) for each / > k. Each fi(M fc , A^) is the 
finite discrete set, since each N k k is the finite discrete set. This produces the inverse se- 
quence of finite discrete spaces, hence the limit fl w (M, N) := pr — lim{fl(M k , Nk), irf, A s } of 
the inverse sequence is compact and totally disconnected. It remains to verify that Q W (M, N) 
is the commutative topological monoid with the unit element and the cancelation property. 

From the equality M = M \ {so} , it follows that M k = M k , since for each fceN there 
exists x G M such that x + B(K. m ,0,p~ k ) 3 s . Moreover, M k and N k are finite discrete 
spaces. Then 7r fc (MVM) = M k y M k , where A\fB := Ax{b }U{a }xB C A x B is the wedge 
product of pointed spaces (A, ao) and (B, bo), A and B are sets with marked points a G A and 
b G B. The composition operation is defined on threads {< f k >K,a,k' k G N} of the inverse 
sequence in the following way. There was fixed a C'^-diffeomorphism x : MV M ^ M [23]. 
Let x G M, then it k {x) G M k and x^iU) G My M, where U := TT k \x + B(K,0,p~ k j) H M. 
On the other hand is a disjoint union of balls of radius p~ 2k in £>(K 2m , 0, 1), hence 

there is defined a surjective mapping Xk '■ M 2k V M 2k — > M k induced by x> ^k and Ti 2k such 
that Xk(x'\U)) = 7T k (x). If / and g G C a (M, AT), then / V g G C a ((M V M), AQ and 
X (f V g) e C a (M,N) as in §2.6 [23]. Hence Xfc(/ 2fe V g 2k ) G C Q (M fc , A^) and inevitably 

Xk{< f2k V (72fc >K,a,2k) = Xk{< $2k >K,a,2k V < g 2 k >K,a,2k) G Vt(M k ,N k ). 

There exists a one to one correspondence between elements / G C W (M,N) and {fk : 
A;} G {A^ * : G A s }. Therefore, pr — lim k Q(M k , N k ) algebraically this is the commutative 



31 



monoid with the cancelation property. Let U be a neighborhood of e in Q W (M,N), then 
there exists U k = vr^ 1 (Vfc) such that V k is open in Q(M k , N k ), e 6 ^ and U k C [/. On 
the other hand there exists L^fc = ^2k O^k) such that V2k is open in f2(M 2 fc, A^ 2 fc), e G L^fc 
and U 2 k + ^2fc C C/fe. Therefore, (/ + U 2 k) + (g + U 2 k) Cf + g + U k Cf + g + U for each 
/, <? G Q W (M, N), consequently, the composition in fl w (M, N) is continuous. Since Cq(M, N) 
is dense in C 0)W (M, N), then Q a (M, N) is dense in fl w (M, N) relative to the projective weak 
topology t w . 

2. Corollary. The loop group L a (M, N) has a non-archimedean compactification L W (M, N) 
relative to the projective weak topology r w . 

Proof. Using the Grothendieck construction we get a compactification L W (M, N) = F/B 
of a loop group L a (M, -/V), where F is a closure in (Q W (M, 7V))^ of a free commutative group 
F generated by fl w (M,N) and B is a closure of a subgroup B generated by all elements 
[a + b] — [a] — [b], since the product of compact spaces is compact by the Tychonoff theorem. 

3. Let now so = and yo = be two marked points in the compact manifolds M and N 
embedded into K m and K n respectively. There is defined the following C^-diffeomorphism 
inv : (K m )' -> (K m )' for (K m )' := K m \ {x : there exists j with x s = 0} such that 
inv(xi, ...,x m ) = (xi , ...jX" 1 ). Let M' — M fl (K m )', then inv(M') is locally compact and 
unbounded in K m , consequently, itk(inv(M')) = (inv(M')) k is a discrete infinite subset in 
K£ for each k G N. Analogously ir k (inv(M' V M')) = (inv(M' V M')) k C K£ m . There exists 
a C^-diffeomorphism % '■ MV M — > M such that inv oxo inv is the C'^-diffeomorphism of 
inv(M'VM') with inv(M') and it induces bijective mappings Xk of inv ((inv(M'V M')) k ) with 
inv((inv(M'))k) for each k G N such that 7r|.o^ = Xk for each / > k, where fr l k := invoir l k oinv . 
This produces inverse sequences of discrete spaces inv{{inv{M')) k ) =: M k , inv((inv(M' V 
M'))fc) = Mfe V \ /;, and their bijections Xfc such that — lim fc M k is homeomorphic with M' 
and pr — limfc Xk is equal to x U P to the homeomorphism, since pr — \im k K£ = K m (see also 
about admissible modifications and polyhedral expansions in (27J EHj)- If ^ G Dif /q*(M), 
then V e Diff a (M). Let J /jfc := ■ h k = f k o ip k ,ip k G Hom(M k ),tjj k (s 0tk ) = s 0:k } for 
/fc G -/V fc * with linx^o f k (x) = 0, then Jf tk is closed and 7r|(< / >K,a) C J/^. Therefore, 
and /fc are -K^-equivalent if and only if there exists ip k G Hom(M k ) such that i[>k( s o,k) = So,fc 
and g k (x) = f k {i) k {x)) for each x G M fc . Let Q(M k ,N k ) := 7rjJ(fi a (Af, iV)). 

Theorem. 77ie set of Q(M k , N k ) forms an inverse sequence 
S = {Q(M k , N k ); Tr k ; k G A s } such that pr — lim S =: Q l ' w (M, N) is an associative topological 
loop monoid with the cancelation property and the unit element e. There exists an embedding 
oftt a (M,N) into Q i,w (M, N) such that Q a (M,N) is dense in Vt^ w (M,N) relative to the 
projective weak topology r itW . 
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Proof. Let U'i be an analytic disjoint atlas of inv (M'), f G C a {inv (M'), K), if) G 
Diff a (inv(M')), then each restriction f\u^ has the form f\u'i( x ) = E m fi,mQi,m( x ) f° r eac h 
x G t/'j, where Qi, m are basic Amice polynomials for U'i, G K. Therefore / is a com- 
bination / = Vif\u'i, hence fc* k (f o ifj(x)) = Em[^*(/t,TO)V( i ,^^( fc ))e#»(i7\)Q<,ri»,*(V'*(a ; (^)))] 
and inevitably 7r£((/ o t/>)(x)) = f k o ip k (x(k)), where Qi,m,fc : = K(Qi,m), x G inv(M') and 

As in §2.6.2 [23J we choose an infinite atlas At'(M) := {(U'j^'j) : j G N} such that 

: Z7'j — > B(X,y'j,r'j) are homeomorphisms, lim^oo r'j^) = 0, lim*^^ y'ja.) = for an 
infinite sequence {j(k) G N : k G N} such that cZ^q- [UfcLi ^ j(fc)] is a clopen neighborhood of 
zero in M, where cl^A denotes the closure of a subset A in M. We take \y'j( k )\ > r 'i(fc) f° r 
each k, hence inv(B(X, y'j, r'j) fl X') = B(X, y'J , r'j 1 ) fl A' and Ufc inv (IP 'j( k ) H A') is open 
in A', where A = K m . For an atlas At' (My M) := {(Wj, a t ) : I E N} with homeomorphisms 
a/ : Wi — > B(X,Zi,a{), lim ifc _ ) . 00 a^*.) = 0, lim^oo = for an infinite sequence {1(h) G 
N : k G N} such that c/^ v ^[Ufcli Wi(*ol * s a c l°P en neighborhood of x in M V M we also 
choose > a/ for each Z, where card(N \ {l(k) : G N}) = car<i(N \ {j(k) : A; G N}). 

Then we take x(Wi( k )) = U'j( k ) for each k G N and x(Wj) = Z7' K (/) for each / G (N\{Z(/c) : 
k G N}), where K : (N\ {/(A;) : G N}) — > (N\ : G N}) is a bijective mapping such 

that p^ 1 < r 1 ' j{k)/ a i{k) < P for each /c and p _1 < r' K ^/ai < p for each Z G (N\{Z(fc) : k G N}). 
We can choose the locally affine mapping \ 011 M = M\{s } such that <b n x = or 
T n x = for each n > 2 and B(X',y'f 1 ,r'f ) are diffeomorphic with inv(U'i fl A') and 
5(A' V A', zf 1 , al 1 ) are diffeomorphic with inv(W t n (A' V A')). 

This induces the diffeomorphisms x := inv op mt> :ifVM-*if and x* : Cq((M V 
M,oo x oo),(jV,y )) - ^((M, oo), (N, y )), since each V g)(r l ) or T"(/ Vc/Xx" 1 ) 
has an expression through Q l (f\/g) and ^(x 1 ) or Y l (fVg) and T J (x _1 ) respectively with 
Z, j < <7 an d <? subordinated to a, where M := inv(M') and conditions defining the subspace 
C$((M,oo),(N,y )) differ from that of C$((M, s ), (N, y )) by substitution of lim 
lim^j^oo. Then hmui^oo |x(x)| = oo, consequently, there exists k G N such that Xk '■ 
M k V .\ /;.. — > Mfc are bijections for each > fc , where Xk '■= ^k ° X- If V* e Dif f a (M) and 
■?/>(0) = 0, then lim| a .|_ KX j ^(x) = oo and lini|. E |^ 00 '?/>~ 1 (x) = oo. Then considering ip k we get 
an equivalence relation K a>k in {f k : G A^ /fc , lim| !B |_ +0O f k (x) = 0} induced by K a , where 
M k is supplied with the quotient norm induced from the space A, since A' C A, x G M k . 

Let J k denotes the quotient mapping corresponding to K a>k . Therefore analogously to 
§2.6 [23] we get, that Q(M k ,N k ) are commutative monoids with the cancelation property 
and the unit elements e k , since Q(M k ,N k ) = {f k : f k G C°(Mk, N k ),]im\ x \-> 0O fk(x) = 
0}/K ak and mappings ft k : (K" 1 )^ — > (K m )' fc and mappings n l k : K n ; — > K n k induce 
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mappings 7r[ : fi(Mj,iVj) — > Q(M k , N k ) for each / > fc. Let the topology in {f k : G 
C°(M k , N k ), lim^i^oo = 0} be induced from the Tychonoff product topology in Njf k 
and fl(M k , N k ) be in the quotient topology. 

The space N k Mk is metrizable by the Baire metric p{x,y) := |7r| _J , where j = min{i : 
7^ yj, Xi = yi, = y^-i}, £ = (xi : X; G Af fe , Z G N), .1 //, is enumerated as N, 7r G K, 
< | -7T | < 1 is the generator of the valuation group T K . Therefore, Q(M k ,N k ) is metrizable 
and the mapping (f k ,g k ) -> fkV 9k is continuous, hence the mapping (J k (f k ), Jk(gk)) — > 
Jk(fk) ° Jk{9k) is also continuous. Then Jfc(u>o,fc) is the unit element, where w 0tk (M k ) = 0. 
Hence Q l,u; (M, AT) is the commutative monoid with the cancelation property and the unit 
element. Certainly l\ k Q(M k , N k ) is the topological monoid and pr — limS 1 is a closed in 
it topological totally disconnected monoid. For each / G Cq(M,N) there exists an inverse 
sequence {f k : f k = 7t^(f),k G A s } such that f(x) = pr — lim fe f k (x(k)) for each x G M', 
but M' is dense in M. Therefore there exists an embedding Q a (M,N) ^ fi i - u '(M,A^), 
hence Q a (M,N) is dense in £l hW (M, N) relative to the projective weak topology Ti jW , since 
C a (M,N) is dense in C W (M,N) relative to the r w topology. 

4. Corollary. The inverse sequence of loop monoids induces the inverse sequence of 
loop groups Sl := {L(M k , N k );n l k ; A s }. Its projective limit L hW (M,N) := pr — limS^ is a 
commutative topological totally disconnected group and L a (M,N) has an embedding in it as 
a dense subgroup. 

Proof. Due to the Grothendieck construction the inversion operation f k i— > f k x is con- 
tinuous in L(M k , N k ) and homomorphisms TC l k and 7t k have continuous extensions from loop 
submonoids onto loop groups L(M k , N k ). Each monoid Q(M k ,N k ) is totally disconnected, 
since is totally disconnected and Q(M k ,N k ) is supplied with the quotient ultramet- 

ric, hence the free Abelian group F k generated by Q(M k ,N k ) is also totally disconnected 
and ultramertizable, consequently, L(M k ,N k ) is ultrametrizable. Evidently their inverse 
limit is also ultrametrizable and the equivalent ultrametric can be chosen with values in 
Ik : = {\z\ : z G K}, where T K H (0, oo) is discrete in (0, oo) := {x : < x < oo, x G R}. 
Then the projective limit (that is, weak) topology of L hW (M, N) is induced by the projective 
weak topology of C W (M, K). 

5. Theorem. For each prime number p the loop group L a (M,N) in its weak topology 
inherited from L' l,w (M, N) has the non-archimedean compactification isomorphic with Z p H °, 
moreover, L l ' w (M, N) has the compactification (z/Z) K °, where z/Z is the one-point Alexandroff 
compactification ofZ. 

Proof. The projective ring homomorphism n k : K — > Kk induces 
n* k ($ m (f(x; h, h m , G, Cm)) = ® m fk(x(k); h(k), h m (k); (i(k), U*0) 



34 



and 7^(T m (/(xH)) = T^f k (x(k)^), 

where m G N, § m f k and T m f k are defined for the field of fractions generated by K k , since 
K is the commutative field (see also [4] and §§2.1-2.6 [23]) . Then the condition 

lim $"7(x; hi, h m ; &, Cm) = or 
lim T"V(x [m] ) = 

x-|^oo 

implies the condition 

lim $ m f k (x(k);hi(k),...,h m (k);( 1 (k),...X m (k)) = Oor 

\x\kj\—*oa 

lim T m / fc (x(A;) H ) = 

\x(k)\— >oo 

respectively, where a:' 1 ' = (a;, i>' ',Ci), a^ m+1 ^ := (x^ m \ v^ m \ Cm+i)- Therefore, supp(f k ) : = 
M/ := {x(/c) : fk(x(k)) ^ 0} is a finite subset of the discrete space for each G N. Then 
evidently, ^ k {< g >k,o) is a closed subset in N^ k for each g G Cq((M, oo), (iV, 0)), since for 
each limit point f k of 7r^(< g >k,o) its support is the finite subset in M k . Let k be such 
that N ko 7^ {0}, then this is also true for each k > fc . If ^ ^fc(< >a>) an d k > k , 
then ^ vi"fc(< Wo >K,a) for each n G N, where := /& V ... V f k denotes the n-times 
wedge product, since ||/ Vn ||c- > ||/||c«> > and \\f k n \\ C (K™,Ki) > ||/||c(Kj;,Ky > 0, where 
C(K£, K£) = 7r*(Q*(K m , K n )) is the quotient module over the ring K k . Each tt*(< / > KyQ ) 
can be presented as the following composition zi bi + ... +zify in the additive group L(M k , N k ), 
where each &, corresponds to 7t k (< g% >k,o) and the embedding of fl(M k , N k ) into L(M k , N k ), 
Zi G {—1, 0, 1}, / = card(M k ), M k are singletons for each % — 1, /. 

Each Mfc is the finite discrete set as well as N k . For each x ^ y G M fc there exists 
if) G Homo(M k ) such that ^(x) = where corresponds to So for convenience of the 
notation. Using the group Hom (N k ) we get that L(M k ,N k ) is isomorphic with Z nfc , where 
n k = card(N k ) > 1. For each prime number p > 1 there exists the p-adic completion 
of Z which is Z p . In view of Corollary 4 L a (M,N) has the non-archimedean completion 
isomorphic with Z^ , since Z is dense in Z p and pr — lim^ Z Hk = Z Ko . 

On the other hand, we can take the multiplicative subgroup {9 l : I G Z} of the locally 
compact field F p u(0) which gives the embedding of Z into F pU (0), where 9° = 1. The 
completion of 0(Z) in F p u(0) is 0(Z)U{O} which is the one-point Alexandroff compactification 
uZi of Z. This gives the non-archimedean completion (uZ) H ° of L a (M, N). Moreover, Zp° and 
(z/Z) N ° are compact as products of compact spaces and L l ' w (M,N) has the aforementioned 
embeddings into them. 
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6. Note. Using quotient mappings r] P)S : Z — »■ Z/p s Z we get that L a (M, N)^ has the 
compactification equal to {Ilpep Z P K °} x (z/Z) K ° relative to the product Tychonoff topology, 
where P denotes the set of all prime numbers p > 1, s G N. These compactifications pro- 
duce characters of L itW (M, N), since each compact Abelian group has only one-dimensional 
irreducible unitary representations |16| . On the other hand, there are irreducible contin- 
uous representations of compact groups in non-archimedean Banach spaces [38]. Among 
them there are infinite-dimensional [TUl I36| . Moreover, in their initial C a topologies diffeo- 
morphism and loop groups also have infinite-dimensional irreducible unitary representations 
[221 EH]. At the same time topologies of L a (M, N) and L W (M, N) or U' W (M, N) are incom- 
parable, since the topologies of C a (M, N) and C W (M,N) are incomparable (see Theorem 
3.7 above). 

Projective limits of groups obtained above have the non-archimedean origin related with 
non-archimedean families of semi-norms on spaces of continuous or more narrow classes 
of functions between manifolds over ultra-normed fields. Generally, if a topological space 
X has a projective limit decomposition X = pr — lim{X a , 7r«, A}, then if fp : Xp — > Y 
is a continuous function into a topological space Y, then / := fp o 7Tg : X — > Y is a 
continuous function, where the mapping ir^ : X a — > Xp is continuous for each a > (3 G A, 
A is a directed set, Tip o n a = izp, n a : X — >• X a is continuous and epimorphic. Therefore, 
fa = T^a{fp) := f/3 07l< j3 ^ ov eac ^ a — P generate the inductive limit ind— lim{C(Xp, Y); 7ff ; A}, 
where C(X, Y) denotes the family of all continuous mappings from X into Y . On the other 
hand, if Y = pr — limjKpP^, then one gets pr — lim{C(X, Yy);p], Then these two 
constructions can be combined with repeated application of projective and inductive limits, 
which may be dependent on the order of taking limits. If card(ty) > K , then a suitable box 
topology in ll 7 g* C(X, Yy) is strictly stronger than a weak topology in it and in its projective 
limit subspace (see also [31J). 

7. Theorem. If M and N are compact manifolds, a G {oo, [oo]}, then L a (M,N) is the 
C a Lie group. 

Proof. The uniform space C a ((M, s ), (N,y )) has the structure of the C a manifold, 
since M and N are C a manifolds, where a G {oo, [oo]}. Therefore, Q a (M, N) and L a (M, N) 
are C a manifolds. The wedge product (/, g) \— > f V g in C a ((M, so), (N,y )) is the C a 
mapping, since M = M \ {sq}. Using the quotient mapping by closures of equivalence 
relation caused by the action of Dif f^{M) becomes the C a manifold and C a monoid with 
the C a smooth composition. Using the construction of L a (M,N) we get, that L a (M,N) is 
the C a Lie group (see also for more details [23]). 

8. Remark. Theorem 7 can be generalized in the class for noncompact manifolds 
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M and N. 



8 Appendix. 

1. Lemma. Let either f,g E C^(U, Y), where U is an open subset in X, Y is an algebra 
over K. or f E C^(U, K) and g E C^(U, Y), where Y is a topological vector space over K. 
then 

(1) (fg) [n] (x [n] ) = (T <g> P + tt <g> T) n .(/ <g> 

and(fg)^ G C7°(C/[ n ],y), w/iere (tt^)(xW) := ^ottJot^o. ..ovr^ 1 ^), P™# := P n P n _ x ...P x g, 
■K k - X {x^) \=x^-^ t (A®B).(f®g) := (Af)(Bg) for A,B E L(C n {U,Y),C m {U,Y)),m<n, 
(A, <g> S!)...(A fc ® £*)•(/ ® (?) := (Ax...A fc <g> Pi...P fe )-(/ ® (?) := (A 1 ...A fc /)(S 1 ... J B fc ^) /or 
corresponding operators, T n f := (Pfc^)(x'^) := (?(x[ fc "^ +f' fc " 1 'tfc), 
pfe-ai T 6i _ ^a lT b lg = p k+s ...p s+1 i r ^r bl ...n a 'T bl g with s = h + ... + b t - ai - ... - aj > 0, 
ai, ...,a,,6i, ...,&, G {0, 1,2,3, ...}. 
Proof. Let at first n = 1, then 

(2) (fg)N( x N) = [(fg)(x + vt) - (fg)(x)]/t = [(f(x + vt) - f(x))g(x + vt) + f(x)(g(x + 
vt) - g(x))]/t = (TV)(^ [1] )(Pi<?)(^ [11 ) + (^/Xs^TyzN), 

since 7r°(a;W) = x and Pi is the composition of the projection ft® and the shift operator on 
vt. Let now n = 2, then applying Formula (2) we get: 

(3) (fg) [2] (x [2] ) = ((fg) [1] (x [1] )) [1] (x [2] ) = (T 1 (/ [1] (x [11 )(^ [21 ))^?(^+(^ [01 +4 1] i2)(ti+4 1] i2)+ 

v?h) + fW(xN)gN(x + v^t u v? + vf{h + v?t 2 ),t 2 ) + f^(x,v? ,t 2 )g^(x^ + v?t 2 ) + 
f{x)g [2 \xM), 

where v^ = (vi\v 2 k \v^) for each k > 1 and = t>j°' such that x' fe l + i^^+i = 
(xW + uf'tfc+i, u [fc_1] + v [ 2 k] t k+1 , t k + 4 fel *fe+i) for each l<kEZ. For n = 3 we get 

(4) (fg)W(x l3] ) = [(r 3 f)(P 3 g) + (tt 1 T 2 /)(T 1 P 2 (?) + (T 1 (tt 1 T 1 /))(P 1 T 1 PV) 
+ (tt 2 T 1 /)(T 2 P 1 ( ? ) + (T 2 tt 1 /)(P 2 T 1 ( ? ) + (7r 1 T 1 7r 1 /)(T 1 P 1 T 1 ( ? ) 

+ (T 1 ( 7 r 2 /))(P 1 T 2 ^) + (ft 3 f)(T 3 g)](x^), 

since by our definition P k ft ai T bl ...ft a 'T bl g = P k+s ...P s+1 ft ai T bl ...ft a 'T bl g with s = &i + ... + 
bi - ai - ... - ai > 0, ai, a/, 61, 6/ e {0, 1, 2, 3, ...}. 

Therefore, Formula (1) for n — 1 and n = 2 and n = 3 is demonstrated by Formulas 
(2-4). lif,g E C°(UW,Y), a,bE K, then (P k (af +bg))(x^) := (af+bg)(x^+v^- 1 H k ) = 
af(x^ k ~ 1] +v^ l h k ) + bg(x^ k ^ + v^ k ~ 1 H k ), moreover, ft k (af + bg)(x^) = (af + bg) o 7r° o 
... o 7r£ _1 (a;M) = (af + bg)(x) = af(x) + bg(x) = aft k f(x^) + bft k g(x^) for each e U^ k \ 
hence ft k and P k and P k are K-linear operators for each k E N. Suppose that Formula (1) is 
proved for n = 1, m, then for n = m + 1 it follows by application of Formula (2) to both 
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sides of Formula (1) for n = m: 

(fg) m+ \x^ m+ ^) = ((/#)[ m ](xH))[i]( x [™+i]) = ((r®P+n®r) m .(f®g)(xW))W(x{ m+1 }) = 
(T <g> P + 7T <g> T) m+1 .(/ <g> ^)(a;[ m+1 ]), 

since a;[" t+1 ] = (^M)! 1 ! and more generally x' m+fc ' = (a;H)[ fe ] for each nonnegative integers m 
and k such that n^. -1 (x^ m+k ^) = ^I"^- 1 ] for k > 1; T fc , P fe and 7r are K-linear operators on 
corresponding spaces of functions (see above and Lemma 2.3) and 

(T <g> P + 7T <g> T) m+1 .(/ <g> ^)(x[ m+1 ]) = 

Sa 1 + ...+a m+1 +6i+...+6 m+1 =m+l('^ ai ® -P" 1 ) 

(71- 61 ® T 6l )...(T am+1 ® p a m+i)(7i-Wi T bm+1 ).(f ® #)(:r [m+l1 ), 

where aj and are nonnegative integers for each j = l,...,m + l, (Ai ®B k )-(f <E> 

(?) := (Ax. ..A, ® B^BkUf <g) (?) := (A 1 ...A fe /)(P 1 ...P fc (?). 

2. Note. Consider the projection 
(1) : X m W x K s (") -> X'W x K n , 

where m(n) = 2m(n — 1), s(n) = 2s(n — 1) + 1, l{n) = n + 1 for each n G N such that 
m(0) = 1, s(0) = 0, m(n) = 2 n , s(n) = 1 + 2 + 2 2 + ... + 2"" 1 = 2 n -l. Then m(n), s(n), Z(n) 
and n correspond to number of variables in X, K for Y™, in X and K for 3> n respectively. 
Therefore, ip(x^) = x^ and ip n (U^) = for each n G N for suitable ordering of 
variables. Thus r/fx'")) = i) n T n f(x^) = f [n] (x [n] )\ W M, where ^(y) := g(ip n (y)) for a 
function ^ on a subset V in X'^ x K n for each y G V\T W c X ™ (n) x Ks(n) > ^ (n) = x °> 
G X m(n )~ /(n ) x K s ( n ^ n for the corresponding ordering of variables. 

3. Corollary. Let either f, g G C n (U, Y), where U is an open subset in X, Y is an 
algebra over K. or f G C n {U, K) cmc? (? G C n {U, Y), where Y is a topological vector space 
over K, then 

(1) $ n (/^)(a;( n )) = (l> <g> P + 7T <g> $) n .(/ <g> 
and $"(/#) G C°(£/ (n) , y). In more details: 

(2) ^ n (f g)(x^) = Y,0< a ,0<b,a+b=nY,j 1 <...<j a ;s 1 <...<s b ;{j 1 ,...,j a }U{s 1 ,...,s b }={l,...,n} 
$ /(iC, 17^ , .. ., fj a , tjj , . .. , tj a )$ (?(:£ 4~ Vj 1 tj 1 + ... + Vj a tj a , f si , .. ., v Sb , t si , .. ., t Sb ) . 

Proof. The operator tp n is K-linear, since ip n (af + bg){y) = (af + bg)(ip n (y)) = 
a f{i)n{y)) + bg(ip n (y)) for each a, b G K and functions /, g on a subset V in X 1 ^ x K" 
and each y G C X m ( n ) x K s( - n \ Mention that the restrictions of n k ~ l and Pk on 

W<,k) gj yes ^fc-i^fc)) ._ x (k-i) an( j (p fc g,)( x (*0) : — 5((a;( fc_1 ) + v k t k ) in the notation of §1.1. 

The application of the operator ip n to both sides of Equation 1(1) gives Equation (1) of this 
corollary, since ^ n T n = $ n for each nonnegative integer n, where T° = I and i>° = / and 
■ipo = I are the unit operators. 

4. Lemma. Let f u ...,f k G C^(U,Y), where U is an open subset in X , either Y is an 
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algebra over K, or fi,...,f k -i G C^(U, K) and G C^(£7, F), where Y is a topological 
vector space over K, then 

(1) (/l.../ fe ) W (z W ) = [E^o^®^®^""" 1 ^-^!®-®^)^" 1 ) 

and (/i.../ fc ) [n] G ^°(f/ W ,F), w/iere 

7r® a ® T <g) D. (/l ... ® ;= (^f 1 ...f a ))(Tf a+1 )(P(f a+2 ...f k )), where tt° := J, 

P° = I is the unit operator, jrf := 1, Pfk+i '■= 1 (see Lemma 1). 

Proof. Consider at first n = 1 and apply Formula 1(1) by induction to appearing 
products of functions, then 

(2) T\f l ...f k )(xW) = [(T\f 1 ...f k _ 1 ))(P 1 f k ) + (^(f l ...f k _ l ))(T'f k )](x^) = 
[{T\h...fk-2)){Pif k -i){Pifk) + (n 1 (f 1 ...f k - 2 ))(T 1 f k _ 1 )(P 1 f k ) 

+ (n\f 1 ...f k ^mT 1 f k )]( X m) = ... 

= (E k a =l(tT a ® t 1 ® (fe - a - 1) ).(/ 1 ® ... ® /*), 

where ® P ® C^-"- 1 ).^ ® ... (g) /,) := (A(f 1 ...f a ))(Bf a+1 )(C(f a+2 ...f k )) for operators 
A, P and C and each nonnegative integer a, where A := I, C° — I is the unit operator, 
Af := 1, Cf k+ i := 1, in particular, A = it 1 , B = T 1 , C = P\. Thus, acting by induction on 
both sides by T 1 from Formula (2) we get Formula (1) of this lemma, since the product of 
n terms T 1 ...T 1 is equal to T n . 

5. Corollary. Let f\,...,f k G C n {U,Y), where U is an open subset in X, either Y is 
an algebra over K, or fi,...,f k _i G C n {U, K) and f k G C n (U, Y), where Y is a topological 
vector space over K, then 

(1) i"(/ 1 .../ i )(lW) = [Ea=0 ft®* ® $ ® p®(k-a-l)]n / fc )( x (n)) 

and$ n U\---fk) G C°(C/( n \Y), w/iere 

7r®« ® $ ® p®(fc-a-i). (/l ... /fe ) ;= (7r(/ 1 .../ Q ))($/ a+1 )(P(/ a+2 .../ fc )) fsee iemma 3/ 
Proof. Applying operator ^ n from Note 2 to both sides of Equation 4(1) we get Formula 

(1) of this Corollary. 

6. Lemma. Let u G C^(K s ,K m ), u(K s ) C U and f E C^(U,Y), where U is an open 
subset in K m , s,m G N, Y is a H-linear space, then 

(1) (/ o „)W( X W) = [£™ =1 ... ESji^,^,,,..^,.,,,/ o M )(T 1 o p,„4_ 1+1) , [ ,- 2]tn _ 1 

••■4+iy°iii M ^ 1 )( p « Tlo ft»-i4-2+i,«i"- 3 it„-2-4+i,«'°i<i^^ 

+ ££=i ... E^^ 1 ^.,,^,*,,.,-- A^a/ ° «)E-o 7T® a ® T ® p»(»— 2)] 
((T 1 °P^-iS Jn _ 2+lM n- 3Un _ 2 ...S jl+lM o kl u n - 2 ) ® ... ® (P n _i...P 2 T 1 o Pjl «)) 

+[£S=^®T®P^-«- 2 )](£^ 

T ® P (gl ( n_Q:_3 )]((T 1 op jn _ 2 S jn _ 3+l v [n-4] tn _ 3 ...S jl+l v [o] tl u n ~ 3 ) ® ... ® (P B _ 2 ...P 2 T 1 o Pil «)) + ... 
+[£Lo^ a ®T®P^ 2 -«)]"- 3 {£^ 

Pw^i+i^Pit!") ® (^T 1 op h u))} 
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+ (T ® P + tt ® T)»- 2 {E^ =1 (7rU il>wra>4l / o «) ® (T 2 o Pil u)}](iW) 
and f one C°((K S )M y) ; ^ere 

s j,ru(y) := (ui(?/), ...,%-i(y),%(y + r (s )),u j+ i(y + T( s )), w m (w + r (s) )) ; u = (ux, ...,u m ), 
G K /or eac/i j = 1, ...,m, y G K s , r = (n, ...,r k ) G K fc , fc > s, r (s) := (n, ...,r s ), Pj(x) : = 
xj, x = (x u ...,x m ), Xj G K for each j = l,...,m, S j+ljT g(u(y), f3) := g(S j+ltT u(y),P), 
y G K s , /3 is some parameter, Aj >Vjt := (jSj+^CS^T 1 oj) 3 )*Tj, where T 1 «s taken for variables 
(x,v,t) or corresponding to them after actions of preceding operations as T k , T^f(x,Vj,t) : = 
[f(x + ejvjt) - f(x)]/t, (B <g> A)*T7i o u'fou,*) := T)fi(Bu\ v, An 1 ), B : K m « -> K m «, 
A : K m « -> K, ej = (0, 0, 1, 0, 0) G K m « mi/z 1 on j'-tfi place; m(i) = m + i - 
1, ji = 1, ...,m(i); m 1 := u, u 2 := (u 1 , hT 1 o p h v}),...,u n = (u n_1 , tn-iT 1 o p jn _ 1 u n - 1 ), 
A h , v m, t J o u =: A o u i, A^-r^/^ o u »-i =: / n o u » S^T 1 /^) := T 1 /^). 

Proof. At first consider n = 1, then (/ o «)W(i ,u,t) = [/(u(t + «*)) ~ /(«(*<>))]/*, 
where t £ K s , £ G K, t> G K s . Though we consider here the general case mention, that in 
the particular case s = 1 one has t E K, v E K. Then 

(/OU)W(* , V, = [/(«(*0+Ut))-/M*o), U 2 (fo+U*), «m(^0+^))]A+[/(«l(to), «2(*0 + 

vt),u 3 (t + vt), ...,u m (t + vt)) - f(u 1 (to),u 2 (to),u 3 (t + vt), ...,u m (t + vt))]/t+ 

••• + (*<)), -,Um-l(to),Um(to + vt)) ~ f(u(t ))]/t, 

where u = (u±, ...,u m ), Uj G K for each j = 1, m. Since Uj(t + vt) — Uj(t ) = tuf\to, v, t), 
hence 

(/ o it) [1I (t , u, i) = T'/lK^o),^^ + vt), ...,u m (t + vt)), ei, tTVOo, u, *)) 
T V(*o, t) + T 1 /(( ltl (t ) ) M 2 (f ) ) n 3 (to + uf), -> M ™(to + O), e 2 , tT l u 2 {t , v, t)) 
T 1 u 2 (t , v, t) + ... + TVfwOo), e m , t^Umito, v, t))T 1 M m (t , t), 

since G K for each j = 1, ...,m and K is the field, where tj = (0, ...,0, 1,0, ...,0) G K m 
with 1 on j-th place for each j = 1, ...,m. With the help of shift operators it is possible to 
write the latter formula shorter: 

(2) T 1 ^ ou)(y,v,t) = TT =1 S j+1 , vt T 1 f(u(y),e j ,tr 1 o p jU {y,v,t))(V o Pj u(y,v,t)), 
where Pj(x) := Xj, x = (x±, x m ), Xj G K for each j = l,...,m, Sj + i >T g(u(y), j3) : = 
g(Sj + i iT u(y), (3), y G K s , r G K fc , k > s, j3 is some parameter. Introduce operators Aj jV;t : = 
(Sj+i,vt <S> tT 1 opj)*T^, where T 1 is taken for variables (y,v,t) or corresponding to them 
after actions of preceding operators as T k remembering that y^ k \v^ G (K s )^, t G K, = 
(wfUfUf 1 ) with wf ] ,4 fcl e (K s )[ fe_1 l, 4 fe] e K fe for each k > 1, in particular, = v[ 0] for 
fc = 0, T)/(x, u, t) := [/(x + e.^t) - f(x)]/t, (B ® A)*T 1 /j o ^(y, v , t) := Tj/i^u*, u, , 
^ . ^ ^4 . j£m0) j^; p or exam pi e) i n the particular case of s = 1 we have 
v [k] £ (K)l fe l. Therefore, in the general case Formula (2) takes the form: 

(3) T 1 / o u(y, v, t) = V ;":(.»;.,,/ ° w)(T 1 o v, t). 
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Take now n — 2, then 

TVo«(yM) = T 1 ^ =1 [(^- B>t /o«)(T 1 op i «)(y,t;,0](l/ M ). 
In the square brackets there is the product, hence from Formula 1(1) and Lemma 2.3 we get: 

(4) T 2 f o u(y^) = E£i[(TM J>[0]it / o M )(P 2 T 1 o PjU ) + (n'A^J o u)(T* o p jU )](yM). 
Then from Formula (3) applied to terms A^ vt f o u it follows, that T^A- p] tl / o w(y' 2 ') = 
E^=i(^ 2 ^[i], t2 ^ 1 ^[o], t Jow)(T 1 op j2 ^ i+li „[o] tl u)(2/ [21 ), where w [0] =v,ti = t (see also Lemma 
1). Therefore, 

(5) T 2 /°ti(y M ) = [E^E^S^^ 
YZ^A^n+Jou^op^W^ 

Then for n = 3 applying Formulas (3) and 4(1) to (5) we get: 

(6) r 3 fo U (yW) = [E|; = i Ejl Ei 3 !(4,pi,^i 2 ,^i, fe 4,«M,J ° «) 

(T 1 op j:i S j2+lM i ]t2 S jl+hvl o] tl u 2 ){P 2 T 1 o p j2 S jl+lM0]tl u){P 3 P 2 T 1 o Pjl u)+ 

E™=i ET2=i[(^ 1 ( A h,vW,t 2 A j 1 ,vi \tJ ° M ))( T2 ° P^h-m^X^^T 1 o p jl u)+ 
(^{(A^m^A^wjJ o ^(T 1 o Pj2 S jl+1)Vl0]tl u)}( y T 1 P 2 T 1 o Pn u)]+ 
E£=i ES=i(^j3 ) «p],t 3 7r 1 ^j 1) «[o],t 1 / o m)(T x o p j3 5' il+1 ^ [ o] tl M)(P3T 2 o Pj - lU ) 

+ E£=l >t ,[0] jtl / o w)(Y 3 o Pj , „) ] (y M ) . 

Thus Formula (1) is proved for n — 1, 2, 3. Suppose that it is true for A; = 1, n and prove 
it for k = n + 1. Applying Formula 4(1) to both sides of (1) we get: 

(7) ^/o«(y^) = E^i-.-E^^^^.-A,^,*!/ ") 

(Pn+i-PaT 1 o Pil «) + £™ =1 - ESS^ 1 ^,^-!] A-^,«ra,t J ° «) 
T 1 ((T 1 op Jn 4 n _ i+li „ [ „_ 2]tn _ i ...4 +M[ o ltl t i "- 1 )...(P n ...P 2 T 1 ^ 

T^E^i TZ { ~r=i i^ 1 (A jn _ uv[n -2] itn _ 1 . ..A h ^[o] >tl / o M ))T 1 ((T 1 o^^^+i^-si^ 
..4 1+M[ o ltl ^- 2 )...(P n _ 1 ...P 2 T 1 o Pil «)) + ... + T- 2 {E™ =1 e;2} 
(7r 1 ^j 2 , w [i],t 2 ^j 1 ,«[o] )tl / o m)T 1 ((T 1 op i2 S' il+lii;[ o ]tl M)(P 2 T 1 op jlM ))}+ 

[E™=i ••• E^ti (^■„ +11 t,w ) t f , +1 ...^j 11 t,[oi ltl / ° ^(T 1 opj n+1 ^ n+li „[„-i ]tn 
•••^i+i 1 «rati un )( p n+iT 1 op jB 5 J . n _ 1+1)W [„-^^_ 1 ...^ 

+ E£=i - EJSI^ 1 ^,,,!-!]^...^,,,!™^/ o M )[E^ *** ® T ® p®(»-«-D] 

((T 1 °Pin'S'j n _ 1 +l,^ 2 ]^_ 1 ---'S'j 1 + l^[0]t 1 M ri ~ 1 ) ® ... ® (P„...P 2 T 1 Pjl ti)) 

T <g> _p®(™- a - 2 )] 

((T 1 op jn _ 1 4 n _ 2 +i ) „[«-3] tn _ 2 -4+i,^ ]ti wn_2 ) ® - ® (^n-i-^T 1 o Pjl ii)) 
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+(T ® P + tt ® T)«- 1 {E™=i(^ 1 ^ 1 ,,[o], tl / o «) ® (T 2 o 

Mention that in general (Y n+1 / o w)(?/[ n+1 ]) may depend nontrivially on all components of 
the vector y[ n+1 l through several terms in Formula (7). Thus Formula (1) of this Lemma is 
proved by induction. 

7. Corollary. Let u E C n (K s ,K m ), u(K s ) C U and f E C n (U,Y), where U is an open 
subset in K m , s,m E N, Y is a ^-linear space, then 

(1) S»(/o «)(*<»>) = K=i-ESS(S iB>w (-i), tB ...B J - 1>t ,(o, >tl /ou) 

...(P B ...P 2 $ 1 o Pil „) + £™ =1 ... E^Kit 1 (B^ n .^_ l ...B h ^ 0)itl f ° M )[Ea=0 ^ ® $ ® 

p®(n-a-2)j 

((^ °P J „-l4n- 2 +l,^"- 3 )tn-2-4+l,^°)tl Wn " 2 ) ® - ® (Pn-1-P2& Pjl U)) 

* ® ^("-^K^ 1 op jn _ 2 4 n _ 3+1) , ( „_ 4)t?i _ 3 ...4, +li „ ( o) tl ^- 3 ) ® ... ® (P„- 2 ...P 2 I» 1 o Pil «)) + ... 
PjA +1)t ,(o) tl u) ® ( P 2$ X OPjiM))} 

+ ($ ® P + TT ® ^"-^^(^B^,.,^/ O U) ® (<P O 

and fou E C°((K s ) (n) , F) fsee notation of Lemma 9), where B jiVjt := (S j+1M ®t® 1 op j )*® 1 jJ 
where I* 1 as tofcen /or variables (x,v,t) or corresponding to them after actions of preced- 
ing operations as <b k , $)f(x,v,t) := [f(x + ejVjt) - f(x)]/t, (B ® A)*® 1 fa o u\x,v,t) : = 
^fitBu^v^Au*), B : K m « -> K m «, A : K m « -> K, m(i) = m + i - I, j t = 1, ...,m(i), 
u 1 = u, u 2 := {u 1 ,^ 1 op h v}), u n := {u n ~\ t n ^ o p^u"' 1 ), S*&f(x) := ^f(S,x). 

Proof. The restriction of operators of Lemma 6 on from Note 2 gives Formula (1) 
of this corollary, where v ^ E (K s ) fc x K fc . 
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